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Deutsche Zusammenfassung
Die vorliegende Dissertation setzt sich aus vier unterschiedlichen Arbeiten zusam-
men. Jede bescha¨ftigt sich mit koha¨rentem Transport durch wechselwirkende Quanten-
punkte, die u¨ber Tunnelbarrieren an externe Zuleitungen gekoppelt sind. Es gibt zwei
Hauptmotivationen, Quantenpunkte zu untersuchen. Erstens eignen sie sich hervorra-
gend um den Einﬂuss starker Coulomb-Abstoßung zu studieren, und zweitens ko¨nnen
ihre diskreten Energielevel leicht durch externe Gate-Elektroden kontrolliert werden,
so dass verschiedene Transportregime entstehen. Der Begriﬀ Koha¨renz beinhaltet ein
sehr breites Spektrum an physikalischen Korrelationen, wodurch die vier Arbeiten im
Wesentlichen unabha¨ngig voneinander sind. Bevor die einzelnen Arbeiten im Detail
motiviert und vorgestellt werden, merken wir an, dass in allen Arbeiten eine diagram-
matische Real-Zeit-Sto¨rungstheorie benutzt wird. Die fermionischen Freiheitsgrade
der Zuleitungen werden ausgespurt und die Elemente der resultierenden reduzierten
Dichtematrix ko¨nnen explizit mit Hilfe einer generalisierten Mastergleichung behan-
delt werden. Wie diese Gleichung gelo¨st wird, ha¨ngt von den Details des jeweiligen
Problems ab.
In der ersten der vier Arbeiten wird adiabatisches Pumpen durch ein Aharonov-
Bohm-Interferometer untersucht, in dessen zwei Arme jeweils ein Quantenpunkt einge-
bettet wird. Beim adiabatischen Pumpen wird Transport generiert, indem zwei Sys-
temparameter periodisch in der Zeit variiert werden. Als diese Pumpparameter wa¨hlen
wir die Energielevel der beiden Quantenpunkte. Da sie sich in unterschiedlichen Ar-
men des Interferometers beﬁnden, ist Pumpen dabei ein quantenmechanischer Ef-
fekt, der ausschließlich auf koha¨renten U¨berlagerungen der Quantenpunkt-Zusta¨nde
beruht. Es ist a¨ußerst schwierig Quantenpumpen experimentell nachzuweisen, weil
eine kapazitive Kopplung der Gate-Elektroden an die Zuleitungen eine ungewu¨nschte
AC Transportspannung hervorrufen kann, die durch eine zeitabha¨ngige Leitfa¨higkeit
gleichgerichtet wird. Daher werden Unterscheidungsmerkmale der beiden Transport-
mechanismen beno¨tigt. Dabei, so stellt sich heraus, ist die Abha¨ngigkeit vom Mag-
netfeld entscheidend. Wa¨hrend die gepumpte Ladung durch eine ungerade Funktion
des magnetischen Flusses beschrieben wird, ist der gleichgerichtete Strom zumindest
im linearen Leitwert gerade.
Die zweite Arbeit bescha¨ftigt sich mit dem Anteil koha¨renter Prozesse beim Trans-
port durch Quantenpunkte. Zu diesem Zweck wird ein Quantenpunkt in einen der
Arme eines Aharonov-Bohm-Interferometers eingebettet. In fru¨heren theoretischen
sowie experimentellen Arbeiten wurde beobachtet, dass Cotunnel-Prozesse, welche den
Spin des Quantenpunkts umdrehen, eine wichtige Quelle fu¨r Dekoha¨renz sind. Um die
Rolle des Spins im Detail zu beleuchten, betrachten wir eine ferromagnetische und eine
normalleitende Zuleitung. Hauptsa¨chlich interessieren uns in dieser Arbeit zwei Fra-
gen: (1) Welcher Anteil am gesamten Strom durch einen Einzellevel-Quantenpunkt,
der schwach an Elektroden gekoppelt wird, ist koha¨rent? (2) Wie und unter welchen
Umsta¨nden la¨sst sich dieser Anteil von einer Strommessung in einem Aharonov-Bohm-
Ring extratrahieren? Die messbare Gro¨ße in einem solchen Experiment ist der vom
magnetischen Fluss abha¨ngige Anteil des Gesamtstroms. Es stellt sich heraus, dass
die Antworten auf die beiden Fragen stark von der Position des Energielevels vom
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Quantenpunkt, von der Polarisierung des Ferromagneten sowie von der Transportrich-
tung abha¨ngen. Insbesondere sind der ﬂussabha¨ngige und der koha¨rente Anteil nicht
notwendigerweise identisch.
Die Hauptmotivation fu¨r die dritte Arbeit ist es, Signaturen fu¨r nichtlokale Andreev-
Reﬂexion in Quantenpunkten zu ﬁnden. Bei einem solchen Prozess teilt sich ein
Cooper-Paar in zwei Einzelelektronen auf, welche in einem koha¨renten Prozess in un-
terschiedliche Quantenpunkte transportiert werden. Wir betrachten einen Aufbau, bei
dem zwei Quantenpunkte an denselben Supraleiter und jeder Quantenpunkt zusa¨tzlich
an einen Normalleiter gekoppelt werden. In vorherigen Arbeiten wurde eine Trans-
portspannung zwischen dem Supraleiter und den Normalleitern angelegt. Drei ver-
schiedene Prozesse sind dann am Transport beteiligt. Neben den nichtlokalen Andreev-
Reﬂexionen treten auch lokale Andreev-Reﬂexion, wo beide Elektronen eines Cooper-
Paars auf den gleichen Quantenpunkt tunneln, und Einzelelektronen-Tunneln auf. Dies
verkompliziert die Identiﬁkation nichtlokaler Andreev-Reﬂexionen. Daher schlagen wir
adiabatisches Pumpen als Transportmechanismus vor. Die beiden Pumpparameter
sind die Energielevel der beiden Quantenpunkte. Da diese ra¨umlich voneinander ge-
trennt sind und ein endliches Pumpsignal zwei Pumpparameter erfordert, beruht ein
Netto-Transport auf Nichtlokalita¨t. Somit tragen lokale Andreev-Reﬂexionen nicht
zum gepumpten Strom bei. Um letztlich nichtlokale Andreev-Reﬂexionen ausﬁndig
zu machen, mu¨ssen sie vom Einzelelektronen-Tunneln unterschieden werden, welches
durch U¨berlagerungen von Zusta¨nden der beiden Quantenpunkte entsteht. Wir ﬁnden
heraus, dass durch die Abha¨ngigkeit des Stroms zum einen vom mittleren Energielevel
und zum anderen von der Symmetrie der Kopplungssta¨rken zwischen den Quanten-
punkten und den Normalleitern die beiden Prozesse eindeutig voneinander unter-
schieden werden ko¨nnen. Dies ist ein wichtiger Vorteil des Pumpens, beispielsweise
im Vergleich zur linearen Leitfa¨higkeit.
Schließlich untersuchen wir den AC-Josephson-Transport durch stark wechselwir-
kende Quantenpunkte. Zu diesem Zweck erweitern wir eine diagrammatische Theorie
fu¨r den DC-Transport auf den zeitabha¨ngigen Fall, wobei die Coulomb-Wechselwirkung
nicht-sto¨rungstheoretisch behandelt wird. Dieser allgemeine Formalismus wird fu¨r
die Beschreibung eines Systems benutzt, bei dem ein Quantenpunkt an einen Nor-
malleiter und zwei Supraleiter mit unendlicher Energielu¨cke gekoppelt wird. Da der
AC-Josephson-Eﬀekt zwei Supraleiter erfordert, beruht in der niedrigsten Ordnung der
Sto¨rungsentwicklung ein endliches AC-Signal zwischen dem Quantenpunkt und dem
Supraleiter S1 auf der Induzierung supraleitender Korrelationen auf den Quantenpunkt
ausschließlich durch Supraleiter S2. Der gro¨ßte Vorteil den Normalleiter einzusetzen
besteht darin, dass die mittlere Quantenpunkt-Besetzung leicht durch das chemische
Potential des Normalleiters geregelt werden kann. Somit la¨sst sich im betrachteten
System im Gegensatz zu konventionellen Josephson-Kontakten nicht nur die Frequenz,
sondern auch die Amplitude des AC-Signals mit einer DC-Transportspannung kontrol-
lieren, die zwischen dem Normalleiter und den Supraleitern angelegt wird.
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English Abstract
The present thesis is composed of four diﬀerent works. All deal with coherent trans-
port through interacting quantum dots, which are tunnel-coupled to external leads.
There a two main motivations for the use of quantum dots. First, they are an ideal
device to study the inﬂuence of strong Coulomb repulsion, and second, their discrete
energy levels can easily be tuned by external gate electrodes to create diﬀerent trans-
port regimes. The expression of coherence includes a very wide range of physical
correlations and, therefore, the four works are basically independent of each other.
Before motivating and introducing the diﬀerent works in more detail, we remark that
in all works a diagrammatic real-time perturbation theory is used. The fermionic de-
grees of freedom of the leads are traced out and the elements of the resulting reduced
density matrix can be treated explicitly by means of a generalized master equation.
How this equation is solved, depends on the details of the problem under consideration.
In the ﬁrst of the four works adiabatic pumping through an Aharonov-Bohm in-
terferometer with a quantum dot embedded in each of the two arms is studied. In
adiabatic pumping transport is generated by varying two system parameters period-
ically in time. We consider the two dot levels to be these two pumping parameters.
Since they are located in diﬀerent arms of the interferometer, pumping is a quantum
mechanical eﬀect purely relying on coherent superpositions of the dot states. It is
very challenging to identify a quantum pumping mechanism in experiments, because a
capacitive coupling of the gate electrodes to the leads may yield an undesired AC bias
voltage, which is rectiﬁed by a time dependent conductance. Therefore, distinguishing
features of these two transport mechanisms are required. We ﬁnd that the dependence
on the magnetic ﬁeld is the key feature. While the pumped charge is an odd function
of the magnetic ﬂux, the rectiﬁed current is even, at least in the linear-conductance
regime.
The second work deals with the ratio of coherent processes in transport through
quantum dots. To this end, a quantum dot is embedded in one of the arms of an
Aharonov-Bohm interferometer. In former theoretical as well as experimental works it
has been observed that an important source of decoherence are cotunneling processes
that ﬂip the dot’s spin. In order to elucidate the role of spin in more detail, we assume
one of the leads to be ferromagnetic and the other one to be normal. The main motiva-
tions of our work are the two questions: (1) What fraction of the total current through
a single-level quantum dot weakly coupled to the electrodes is coherent? (2) How and
under which circumstances can this fraction be extracted from a current measurement
in an Aharonov-Bohm setup? The measurable quantity in such an experiment is the
magnetic-ﬂux dependent ratio of the total current. It turns out that the answers of the
two questions strongly depend on the dot level position, the polarization of the ferro-
magnet, and the transport direction. Especially the ﬂux-dependent and the coherent
ratios are not necessarily the same.
The main motivation of the third work is to identify crossed Andreev reﬂection
in quantum dots, that is, a Cooper pair splits into two single electrons, which are
transferred into diﬀerent quantum dots in one coherent process. We consider a setup,
where two quantum dots are tunnel coupled to the same superconductor and each dot is
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additionally coupled to a normal conductor. In previous works a bias voltage has been
applied between the superconductor and the normal conductors. Then, three processes
sustain transport. Beside crossed Andreev reﬂection also local Andreev reﬂection,
where both electrons of the Cooper pair tunnel into the same dot, and single-particle
tunneling occur. This complicates the identiﬁcation of crossed Andreev reﬂection.
Therefore, we propose the transport mechanism of adiabatic pumping in the absence
of any bias voltage. The two pumping parameters are the energy levels of the two dots.
Since they are spatially separated and a ﬁnite pumping signal requires two pumping
parameters, a net transport relies on nonlocality. As a consequence local Andreev
reﬂection does not contribute to the pumping current. In order to clearly identify
crossed Andreev reﬂection it has to be distinguished from single-particle tunneling
arising due to superpositions of the states of the two dots. We ﬁnd that the dependence
of the current on the average dot level position as well as the symmetry of the coupling
strengths between dots and normal conductors clearly distinguishes the two processes
from each other. This is an important advantage of the pumping current, for example,
in comparison to the linear conductance.
Finally, we focus on the AC Josephson transport through a strongly interacting
quantum dot. To this end, we extent a diagrammatic theory on the DC Josephson
transport to the time dependent case taking into account the Coulomb repulsion non-
perturbatively. This general formalism is applied to a three-terminal device, where a
quantum dot is tunnel coupled to a normal conductor and two superconductors with
an inﬁnite superconducting gap. Since the AC Josephson eﬀect requires the presence of
two superconductors, in lowest order of the perturbation expansion a ﬁnite AC signal
between dot and superconductor S1 relies on the induction of superconducting correla-
tions on the dot exclusively by superconductor S2. The main advantage of employing a
normal conductor is that the average dot occupation can easily be tuned by the chem-
ical potential of the normal conductor. Therefore, in the considered three-terminal
device, in contrast to conventional Josephson junctions, not only the frequency but
also the amplitude of the AC signal can be controlled by a DC bias voltage applied
between the normal conductor and the two superconductors.
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1 Introduction
In 1924 the French physicist Louis de Broglie made a fascinating theoretical prediction
in his PhD thesis: Particles of matter, like electrons, also have wave like properties.
Three years later this was conﬁrmed by two independent electron diﬀraction experi-
ments performed by Clinton Davisson, Lester Germer, and George Paget Thomson.
The discovery and description of the wave-particle dualism of electrons changed the
conception of matter in a very wide range and, therefore, resulted in Nobel prizes for
de Broglie (1929) as well as Davisson and Thomson (1937). As a consequence of their
wave properties, coherence becomes an important issue for transport of electrons. In
its most general sense coherence simplify means the property that the electrons’ wave
functions correlate. The kind of correlations in the experiment mentioned above are
interference eﬀects, which strongly inﬂuence electronic transport. But also completely
diﬀerent phenomena can be explained by means of correlating wave functions. A very
prominent example is the formation of a Cooper pair by two electrons in a supercon-
ductor. Of course, the extent of phenomena related to coherence strongly depends on
the other speciﬁc ingredients of electronic transport. Especially, Coulomb interaction
may have a substantial eﬀect. Very convenient devices to study the interplay between
coherence and interaction eﬀects are quantum dots. A quantum dot is a region in
condensed matter (e.g. semiconductor) which is strongly conﬁned in all three spatial
dimensions. Due to this conﬁnement, electrons occupying the dot experience a strong
Coulomb repulsion. Another important consequence is the formation of discrete dot
energy levels. Since the position of the levels can easily be tuned be external gate
electrodes, very diﬀerent transport regimes can be investigated by means of the same
quantum dot. A common theoretical description of quantum dots is the single-level
model considering only one spin-degenerate orbital. This is an appropriate assumption
even if a quantum dot accommodates many levels as long the distance between the
levels is large enough so that only one level participates in transport. In order to study
transport properties, quantum dots are attached to external electrodes in a variety of
diﬀerent geometries.
In this thesis we study transport of diverge systems, where the interplay of coher-
ence and Coulomb interactions aﬀects transport in completely diﬀerent ways. First,
we consider properties of adiabatic pumping through quantum dots. This is a trans-
port mechanism in the absence of any bias voltage. A net transport is mediated by
the explicit time dependence of at least two system parameters. The classiﬁcation
of pumping is related to coherence. While in classical pumping the mechanism has
strong similarities, for example, to processes in the gastrointestinal tract, quantum
pumping has no classical analog and relies purely on coherent superpositions. For the
investigation of superpositions Aharonov-Bohm interferometers (ABIs) are convenient
setups. Quantum dots can be embedded in either one or in both of the two arms.
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Not only quantum pumping but interference eﬀects in general can be studied in these
kind of devices. To this end, the dependence of the current through an ABI on the
magnetic ﬂux penetrating the ABI plays an important role. Since this dependence
relies on interference, coherence is an essential requirement. The detection of the path
an electron has taken through the interferometer destroys coherence. One possibility
of this which-path detection is a spin-ﬂip cotunneling process through a quantum dot
in one of the interferometer arms. The transferred electron leaves a trace in the envi-
ronment in form of changing the spin state of the quantum dot. However, coherence
itself cannot be measured. The ﬂux dependent part of the total current is somehow
related to coherence but not exactly equivalent. One main focus of this thesis is to
quantify this relation.
But also coherence in the sense that Cooper pairs are formed by correlated electrons
is going to be addressed in this thesis. In heterostructures containing superconduc-
tors diﬀerent transport processes arise. In normal conductor-superconductor junctions
Cooper pairs can be transferred into or out of the superconductor by Andreev reflection.
In such a process an electron in the normal conductor that impinges on the interface
is retroreﬂected as a hole while a Cooper pair is transferred into the superconductor.
In junctions with more than one normal conductor also crossed Andreev reflections
may occur, i.e. the two electrons forming the Cooper pair stem from diﬀerent nor-
mal conductors (or tunnel into diﬀerent normal contacts in the opposite transport
process). Andreev reﬂection and even crossed Andreev reﬂection also occur in super-
conductors contacted to quantum dots. However, the distinction between these two
processes is challenging. Up to now the inﬂuence of the conductance through one dot
on the conductance through another dot has been the key feature. We propose the
transport mechanism of adiabatic pumping to identify crossed Andreev reﬂection. A
convenient choice of the pumping parameters excludes transport mediated by local
Andreev reﬂection.
Another fascinating transport process arises in Josephson junctions, where two dif-
ferent superconductors are linked, for example, by an insulator. The macroscopic
phase, which is a speciﬁc property of each superconductor, plays an important role in
this context. Whenever the macroscopic phases of the two superconductors diﬀers a
supercurrent, mediated by Cooper pairs, builds up, even in the absence of any bias
voltage. Furthermore, by applying a DC bias voltage an AC signal is generated, whose
frequency is proportional to the voltage. These properties of Josephson junctions have
become famous as the DC and the AC Josephson effect. Their discovery has been
awarded with the Nobel prize in 1973. There are some possibilities for the device
placed between the two superconductors in a Josephson junction. One of them is a
quantum dot. As in the setups mentioned above the motivation for the use of quantum
dots is their easy tuneability and that strong Coulomb repulsion can be included.
The variety of useful applications of quantum dots is obviously very large and the
systems mentioned so far are only an incomplete sketch, picked due to their relevance
for this thesis. Also a lot of theoretical methods for the calculation of transport through
quantum dots exist. In this thesis we use a diagrammatic real-time perturbation
expansion in tunnel coupling. The fermionic degrees of freedom of the leads are traced
out and the resulting reduced density matrix is treated explicitly by means of a Keldysh
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technique. Then, the reduced density matrix can be obtained by solving a generalized
master equation.
The thesis is structured as follows. First, we give an overview of the most rel-
evant physical principles, see Chapter 2. This includes the properties of quantum
dots especially concerning coherence in transport, an introduction to pumping with
a special focus on the adiabatic limit, and the diﬀerent transport processes through
superconducting heterostructures. In Chapter 3 we give a brief introduction to the
used diagrammatic technique and derive the generalized master equation. The speciﬁc
details of their solution are not given in this chapter but in the corresponding result
chapters. The main part of this thesis are the four result chapters 4, 5, 6, and 7. Ex-
cept their common context of coherent transport through interacting quantum dots,
the four works are independent of each other.
The ﬁrst of the four works is about adiabatic pumping through an ABI, where a
quantum dot is embedded in each of the two arms, see Chapter 4. We choose the
energy levels of the two dots as pumping parameters. Basically there are two diﬀerent
motivations for this work. At ﬁrst, the two pumping parameters are located in two
spatially separated arms of the interferometer. Due to this nonlocality pumping has
to rely on coherent superpositions. Therefore, it is a convenient setup to investigate
the properties of quantum pumping and especially the inﬂuence of strong Coulomb
repulsion on this transport mechanism. The second motivation is to ﬁnd features
exclusively appearing in this mechanism. In former experiments quantum pumping
has been obscured by rectiﬁcation eﬀects, which arose due to a capacitive coupling of
the gate voltage to the leads. We compare the features of pumping and rectiﬁcation,
in order that both can be distinguished from each other in experiments.
In Chapter 5 we investigate the measurability of coherence of transport through a
quantum dot. To this end, a quantum dot is embedded in one arm of an ABI. Although
transport through quantum dots is at least partially coherent spin-ﬂip processes lead
to dephasing. In order to quantify the role played by the spin we attach the ABI to
a ferromagnet and a normal conductor. Interesting phenomena as for example spin
accumulation on the dot arise and inﬂuence the coherence in a nontrivial way. We
focus mainly on two questions (1) What fraction of the total current through a single-
level quantum dot weakly coupled to the electrodes is coherent? (2) How and under
which circumstances can this fraction be extracted from a current measurement in an
Aharonov-Bohm setup?
The transport mechanism in Chapter 6 is again adiabatic pumping. However, the
context and motivation for the use of this transport mechanism is completely diﬀerent
to Chapter 4. We aim for an identiﬁcation of crossed Andreev reﬂection processes. To
this end, we consider a setup where a superconductor is tunnel coupled to two quantum
dots and each quantum dot is additionally coupled to a normal conductor. This is
an ideal setup to identify crossed Andreev reﬂection. The two dot levels are chosen
as pumping parameter. Since a ﬁnite pumping signal always requires two pumping
parameters, only nonlocal processes contribute to transport. As a consequence the
undesired processes of local Andreev reﬂections are excluded from transport. Besides
crossed Andreev reﬂection, single-electron pumping is the only mechanism leading to
a ﬁnite signal. Therefore, we investigate features clearly distinguishing both from each
3
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other. It turns out that the key distinguishing feature is not present in the linear
conductance but exclusively arises in pumping.
The last of our four works is about the AC Josephson transport through an interact-
ing quantum dot, see Chapter 7. Since Josephson currents are carried by Cooper pairs
consisting of two electrons the Coulomb repulsion between electrons is crucial for trans-
port. Placing a quantum dot between two superconductors enables the investigation
of the interesting interplay of a strong Coulomb repulsion with superconducting prop-
erties in AC transport. For this purpose, we extend a real-time perturbation theory
on interacting quantum dots tunnel coupled to superconducting leads to account for a
time-dependent current. This general theory is applied in the limit of an inﬁnite super-
conducting gap, where we include an additional normal conductor that guarantees a
certain dot occupation. We focus on the lowest order contribution of the perturbation
expansion. Then, a nonvanishing Josephson current requires superconducting corre-
lations induced on the quantum dot by the proximity of the superconducting leads.
Finally, we study the inﬂuence of the stationary chemical potential of the normal
conductor on the amplitude of the AC signal.
4
2 Physical Background
2.1 Quantum Dots
A quantum dot (QD) is a region in condensed matter (e.g. semiconductor) which is
strongly conﬁned in all three spatial dimensions. This conﬁnement has two important
consequences. On the one hand the spectrum of the QD is discrete and on the other
hand the capacitance is small. To achieve a discretization the size of a QD has to be
in the range of the electron’s Fermi wave length, i.e., typically a few nanometers up to
several hundred nanometers. Due to its similarities to atoms QDs are also referred to
as artiﬁcial atoms. QDs are of great relevance because its optical as well as electronic
properties can be controlled by external gate voltages. They can, e.g., be realized
in two dimensional electron gases,1–3 in nanowires,4–6 or in carbon nanotubes.7–9 A
typical setup is schematically shown in Fig. 2.1 where a QD is tunnel coupled to two
reservoirs.
Some formulations of Sec. 2.1.2 and Sec. 2.1.3 have already been published in
Ref. 10.
2.1.1 Transport Properties
Coulomb Blockade
We focus on the setup schematically shown in Fig. 2.1 where a QD is weakly tunnel
coupled to two reservoirs and an external gate voltage VG is applied. The external
electrodes can be described by the three capacitances CL, CR (for the left and right
reservoir, respectively), and CG (for the contact to the external gate electrode). The
total capacitance of the dot is the sum of all single capacitances C = CL + CR + CG.
ΓL ΓR
VG
lead 2 (drain)lead 1 (source) quantum
dot
Figure 2.1: Scheme of a quantum dot tunnel coupled to two reservoirs. The dot’s
spectrum can be varied by an external gate voltage. The tunnel coupling
strengths between dot and the left and right leads are denoted by ΓL and
ΓR, respectively.
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(a) (b)
Figure 2.2: (a) Charging energy as a function of the external charge eNext.
(b) Coulomb oscillations of the conductance as a function of the gate volt-
age VG. The peaks and dips correspond to Next being half-integer and
integer, respectively.
In equilibrium the energetically most favorable number of electrons occupying the dot
corresponds to the external charge eNext = CLVL + CRVR + CGVG, where eVL = µL
and eVR = µR are the chemical potentials of the left and right reservoirs, respectively.
The charging energy of the dot is
Ech(N,Next) = EC(N −Next)2 (2.1)
with EC =
e2
2C being the charging scale. The charging energy is a parabolic function
of Next. Hence the number of electrons occupying the dot N is tunable by the gate
voltage VG, see Fig. 2.2(a). Obviously, the ground state is degenerate for Next being
half-integer while the excitation energy is maximal for integer values of Next. In the
limit of a large charging energy of one electron EC ≫ kBT, µL, µR the dot can only
be excited close to the degeneration points. Since transport always requires a change
of occupation it is suppressed whenever the external charge eNext is far away from
the degeneration points. This eﬀect is called Coulomb blockade. As a consequence
of the Coulomb blockade the conductance through the QD strongly depends on the
gate voltage VG. A continuous enhancement of the gate voltage yields oscillations of
the conductance, the so called Coulomb oscillations, see Fig. 2.2(b). The peaks and
valleys correspond to Next being half-integer and integer, respectively. The width of
the peaks is governed by temperature and the tunnel-coupling strengths ΓL to the left
lead and ΓR to the right lead.
So far we did not consider the discretization of the dot’s spectrum. However, in QDs
the distances between the discrete energy levels εl are usually too large to be neglected.
Therefore, the total dot energy is given by
EN = Ech(N,Next) +
N∑
l=0
εl . (2.2)
In order to change the occupation of the dot from N to N + 1 the excitation energy
EN+1 −EN is required. Transport is enhanced whenever this excitation energy (mea-
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EN+2 − EN+1
EN+1 − EN
EN − EN−1
(a) (b)tunnel barriers
µL
µR
µL
µR
EN+2 − EN+1
EN+1 − EN
EN − EN−1
Figure 2.3: Schematic energy spectrum of a quantum dot (a) in resonance and (b) out
of resonance with the leads.
sured from the leads’ Fermi energy) lies between the chemical potentials of the two
leads, µL > EN+1 − EN > µR. A situation where the dot is in resonance and out of
resonance with the leads is schematically shown in Fig. 2.3(a) and (b), respectively.
The underlying tunneling processes are discussed in the following subsection.
Tunneling Processes
The transport through the dot is sustained by diﬀerent tunneling processes which can
be related to the diﬀerent orders of a perturbation expansion in the tunnel-coupling
strengths (ΓL and ΓR). Processes in ﬁrst order describe sequential tunneling. In a
sequential tunneling process an electron is transferred from the source lead onto the
dot, see Fig. 2.4(a), changing its occupation from N to N + 1. For a net transfer
from source to drain an electron tunnels in another process from the dot into the drain
lead. These two tunneling processes are completely uncorrelated. This is described by
the orthodox theory .11,12 Sequential tunneling processes are the dominant transport
processes as long as the dot is in resonance with the leads, see Fig. 2.3 (a). However, in
an oﬀ-resonant transport regime, see Fig. 2.3 (b), sequential tunneling is exponentially
suppressed for low temperatures due to the Coulomb blockade.
Inside the Coulomb blockade regime the dominant transport process is cotunneling.
It is described by the second order contributions and, in contrast to sequential tunnel-
ing, is only algebraically suppressed. A cotunneling process consists of two tunneling
events which are quantum mechanically correlated.13 An electron tunnels onto the dot
and an electron tunnels out of the dot. Between the two tunneling processes the dot is
in an intermediate state which is determined by the chronological order in which the
two tunneling events take place. In Fig. 2.4(b) a cotunneling process is shown where
7
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(b)(a)
Figure 2.4: Tunneling processes through a quantum dot. (a) Sequential tunneling:
An electron tunnels from the left lead onto the dot. (b) Cotunneling: Two
quantum mechanically correlated tunneling events take place during one
cotunneling process. First an electron tunnels from the left lead onto the
dot leading to a virtual occupation, then an electron tunnels from the dot
onto the right lead.
ﬁrst an electron tunnels onto the dot. Energy conservation is not violated because the
intermediate state is only virtually occupied, i.e., the time between the two tunneling
events is suﬃciently small to obey the uncertainty principle. In contrast to sequential
tunneling, in cotunneling an electron may conserve its phase when it is transferred
through a QD. A more detailed discussion is given in Sec. 2.1.2.
For very low temperatures or high tunnel coupling strengths arbitrary high orders
have to be considered. They give rise to the Kondo effect. Whenever the dot’s total
spin is S = 1/2, i.e., a dot with suﬃciently large level spacing is occupied with an odd
number of electrons, dot and lead states near the Fermi surface hybridize to a Kondo
liquid.14 The consequence is an enhancement of the conduction.
In the following of this thesis we do not deal with the Kondo eﬀect. We restrict
ourselves to the sequential tunneling and cotunneling of electrons. In Chapter 6 we
also allow for Cooper pair tunneling in higher orders.
2.1.2 Quantum Coherence
In transport situations where electrons interfere not only the transport properties de-
scribed in the previous subsection but also quantum coherence play an important role.
We start this subsection with a brief introduction to the Aharonov-Bohm eﬀect which
is crucial for an investigation of quantum coherence in transport through quantum
dots.
Aharonov-Bohm Effect
The interference of propagating electrons can be inﬂuenced by a magnetic ﬁeld enclosed
by the trajectories of the electrons even if the ﬁeld is spatially separated from the
8
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path 2
!
path 1
electrons
detector
Figure 2.5: Double-slit experiment. The detected intensity oscillates with the enclosed
magnetic ﬂux.
trajectories themselves. This phenomenon was explored in 1959 by Yakir Aharonov
and David Bohm and has been called Aharonov-Bohm effect15 since then. In a double-
slit experiment the Aharonov-Bohm eﬀected can be illustrated in an easy way, see Fig.
2.5. Electrons impinge on the double slit, where a magnetic ﬁeld is applied between
the two slits. Interference eﬀects can be observed by a detector placed behind the
double-slit. The Aharonov-Bohm eﬀect states that electrons which propagate along
path 1 and path 2, respectively, experience a relative phase shift proportional to the
enclosed magnetic ﬂux. This phase diﬀerence is called Aharonov-Bohm phase,
φAB = 2πΦ/Φ0 , (2.3)
where Φ0 = 2π~c/e is the ﬂux quantum. Due to interference behind the double slit the
detected intensity is strongly aﬀected by the phase shift. The probability of observing
a particle in the detector is then given by
|Ψdet|2 = |Ψ1 +Ψ2eiφAB |2 = |Ψ1|2 + 2|Ψ2|2 + |Ψ1||Ψ2| cosφAB (2.4)
with Ψi being the wavefunction for a transmission through path i. A variation of the
magnetic ﬂux, therefore, yields oscillations of the detected intensity, the Aharonov-
Bohm oscillations (ABOs).
Quantum Coherence of Transport through Quantum Dots
Coherence of transport can be investigated in Aharonov-Bohm interferometers (ABIs)
consisting of two reservoirs coupled to each other by two diﬀerent arms. Quantum dots
can be embedded in one or in both of the two arms, see Fig. 2.6. In these so called
9
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e
iφAB
Φlead 1 lead 2
Figure 2.6: Setup of a single-quantum-dot Aharonov-Bohm interferometer. Propaga-
tion through diﬀerent paths leads to a relative phase φAB, which is propor-
tional to the enclosed magnetic ﬂux Φ.
quantum-dot Aharonov-Bohm interferometers (QD-ABIs) the interplay between inter-
ference and Coulomb interaction has been extensively studied both experimentally16–24
and theoretically.25–45 Observed oscillations of the current through QD-ABIs as a func-
tion of the magnetic ﬂux prove that transport through quantum dots is at least partially
coherent.16–24 The degree of coherence may be suppressed by interaction. This can,
e.g., be studied in a controlled way by electrostatically coupling a quantum-point con-
tact (QPC) to the quantum dot in the ABI. The current through the QPC serves as a
which-path detector that diminishes the amplitude of the interference signal.24–27 But
even in the absence of any coupling to the outside world the degree of coherence may
be limited by Coulomb interaction among the electrons within the QD-ABI. Then, the
only source of decoherence is connected to the spin degree of freedom in the QD.28, 29
In general, transport through a QD can be divided into spin-ﬂip and non-spin-ﬂip
processes. Only the non-spin-ﬂip processes are coherent. Spin-ﬂip processes due to
spin-orbit coupling are neglected in the following considerations. For simplicity we
assume a single-level quantum dot, i.e., the dot can only be empty, singly-occupied
(with spin up or spin down), or doubly occupied (with spin up and spin down). This
assumption is justiﬁed as long as the level spacing on the dot is larger than temper-
ature and bias voltage in such a way that only one orbital participates in transport.
When the dot is initially empty or doubly-occupied, transferred electrons keep their
spin orientation, and the transport is fully coherent, see Fig. 2.7(a) and (b), respec-
tively. In contrast, when the dot is occupied with a single electron, then the transferred
electron may either keep, see Fig. 2.7(c) and (d), or ﬂip its spin, see Fig. 2.7(e) and
(f). The intermediate state can either be a doubly-occupied, see Fig. 2.7(c) and (f),
or an empty dot, see Fig. 2.7(d) and (e). In the limit of noninteracting electrons spin
ﬂips do not appear and transport is completely coherent. This can be understood in
two diﬀerent ways. On the one hand the two spin channels do not interact and can
hence be treated independently. Since spin degeneration does not have to be taken
into account within one channel spin ﬂips do not appear. On the other hand one could
describe the spin-ﬂip processes in Fig. 2.7(e) as particlelike and the process in Fig.
2.7(f) as holelike. Both processes come with opposite sign but have the same amplitude
in the absence of any Coulomb repulsion. Therefore, both processes cancel each other
exactly.29
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intermediate
state
initial state final state
non-spin-flip processes
spin-flip processes
(f)
(a)
(b)
(c)
(d)
(e)
Figure 2.7: Cotunneling processes through a single-level quantum dot. For the dot
being initially (a) empty, (b) doubly occupied or (c)-(f) singly occupied.
The spin is ﬂipped only in (e) and (f).
But what is the fraction of coherent transport processes to the total transport in
the presence of any Coulomb repulsion? As long as the reservoirs are normal conduc-
tors and the intra-dot Coulomb repulsion is inﬁnite excluding double occupation the
fraction of the coherent to the total linear conductance is c = 1/[1 + f(ε)]. Here, f(ε)
is the Fermi function and ε the quantum-dot level, measured relative to the Fermi
energy of the leads. It was theoretically predicted that this fraction c of coherent
transport can be extracted from measuring the Aharonov-Bohm oscillation amplitude
as a function of the level energy for a QD embedded in an Aharonov-Bohm ring.28, 29
This prediction was qualitatively conﬁrmed in experiments.16, 17 Figure 2.8(a) shows a
scanning electron micrograph of an ABI with QD embedded in the lower arm realized
in a GaAs/AlGaAs two-dimensional electron gas.16 The dot levels’ energies and with
it the number of electrons occupying the dot can be controlled by the gate voltage Vg.
A variation of the magnetic ﬂux leads to Aharonov-Bohm oscillations whose amplitude
strongly depends on the gate voltage Vg, see Fig. 2.8(b). The amplitude averaged over
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ten periods around B = 0.485T as a function of the gate voltage Vg is shown in Fig.
2.8(c). An asymmetric double peak is visible around each resonance. At the center
of the peak the amplitude is reduced because scattering processes experience a phase
shift of π whenever a scattering region is tuned through resonance.46 The asymmetry
can be explained by the transport processes described above. Between the two double-
peaks (peak 5 and 6 in Fig. 2.8) the dot is occupied with 2N + 1 electrons, an odd
number. This corresponds to a singly-occupied single-level quantum dot. On the left
side of peak 5 the dot is occupied with 2N electrons and on the right side of peak 6
with 2N +2 electrons, which can be related to an empty and doubly-occupied dot, re-
spectively. Each double peak has a side where an odd number and a side where an even
number of electrons occupy the dot. Only for an odd occupation spin ﬂip processes
appear yielding dephasing. This explains the asymmetry of the peaks. Obviously, the
(b)
(a)
(c)
Figure 2.8: Experiment on coherence of transport through quantum dots. Reprinted
ﬁgures with permission from H. Aikawa, K. Kobayashi, A. Sano, S. Kat-
sumoto, and Y. Iye, Phys. Rev. Lett. 92, 176802 (2004). Copyright
2004 by American Physical Society. (a) Scanning electron micrograph of
the QD-ABI. (b) Gray-scale plot of the Aharonov-Bohm component of the
current against the gate voltage Vg and the magnetic ﬁeld B. (c) Averaged
amplitude of ABOs as a function of the gate voltage.
spin plays a crucial role for the coherence of transport through quantum dots. In order
to substantiate this role, in Chapter 5 we investigate a QD-ABI where spin-symmetry
is broken by employing a lead with ﬁnite spin polarization.
2.1.3 Model of a Single-Level Quantum Dot
We describe a single-level quantum dot tunnel coupled to electron reservoirs as for a
two-terminal setup shown in Fig. 2.1. In this thesis we restrict ourselves to a single
level which is justiﬁed as long as level spacing is large enough that only one level
12
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participates in transport. The total Hamiltonian consists of three building blocks.
H = Hdot +Hleads +Htunn (2.5)
The QD accommodates a single, spin-degenerate level, i.e, the dot can be empty
|0〉, singly occupied with spin up |↑〉, singly occupied with spin down |↓〉 or doubly
occupied |↑↓〉. It is described by the Anderson-impurity model:47
Hdot = ε
∑
σ
nσ + Un↑n↓ . (2.6)
with nσ = d
†
σdσ and d
†
σ (dσ) being the creation (annihilation) operator for an electron
with spin σ on the QD. The dot-level position is denoted by ǫ and the onsite Coulomb-
repulsion energy by U .
The leads are large reservoirs, which in principle can be normal conductors, ferro-
magnets, or superconductors. Superconductors and ferromagnets are introduced in
Sec. 2.3.3 and Sec. 5.1, respectively. Here, we focus on noninteracting normal conduc-
tors whose Hamiltonian reads,
Hleads =
∑
rkσ
εrkc
†
rkσcrkσ , (2.7)
where c†rkσ (crkσ) is the creation (annihilation) operator for an electron in lead r with
momentum k and spin σ. The energy of an electron εrk is spin-independent.
The tunnel coupling between the dot and the leads is modeled by the tunneling
Hamiltonian:
Htunn =
∑
rkσ
trc
†
rkσdσ +H.c. . (2.8)
We assume the tunnel-matrix elements tr and the density of states of the leads ρr to
be energy independent in the energy window relevant for transport. Tunnel-coupling
strengths are then deﬁned as Γr = 2π|tr|2ρr. The intrinsic line width of the dot level
is the sum of the tunnel couplings, Γ =
∑
r
Γr.
2.2 Electron Pumping
The most common method to transfer charge through a scattering region is to apply
a bias voltage. In this section we introduce a diﬀerent transport mechanism: pump-
ing. The principle of pumping is to generate transport in the absence of any bias
voltage by varying certain system parameters as the potential of a scattering region or
the coupling strengths to reservoirs periodically in time. It is therefore a mechanism
converting an ac into a dc signal, which has been experimentally realized in diﬀerent
systems.48–58 Whenever the pumping period is large compared to the dwell time of an
electron in the scattering region one speaks of adiabatic pumping, where the system is
in quasi equilibrium during the pumping process. Very often the distinction between
13
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classical pumping and quantum pumping is made. In classical pumping electrons can
be interpreted as particles without any wave properties while quantum pumping relies
on coherent superposition of diﬀerent electronic states.
Some formulations of Sec. 2.2.2 have already been published in Ref. 59.
2.2.1 Experimental Realization
The idea of electron pumping dates back on a theoretical work of Thouless from 1983,60
where a quantized charge transfer is generated by varying the potential of a Schro¨dinger
equation. Several proposals how an experimental setup could be realized followed. One
idea is to place time-dependent potentials on a quantum wire.61 Another proposal
bases on inelastic absorption processes in a two-dimensional electron gas with two
independent gates.62
One of the most prominent experiments on classical electron pumping was performed
by Pothier et al. in 1992.48 In this experiment two metallic islands are coupled to
each other and each island is additionally coupled to a reservoir, see Fig. 2.9(a).
The occupation number of the two islands N1 and N2 can be controlled by the gate
voltages V1 and V2, respectively. In a so called stability diagram, see Fig. 2.9(b), the
occupation as a function of the two gate voltages is illustrated. Inside one comb the
occupation is constant. By variation of the gate voltages it is possible to propagate
the charge state through diﬀerent combs inside the stability diagram. The red circle in
the diagram represents the cycle: (0, 0) → (1, 0) → (0, 1) → (0, 0), where an electron
is transferred from the left into the right reservoir. The amplitude of the variation of
the voltages has to be large enough to clearly propagate between the diﬀerent combs
(strong pumping). Measurements show that the pumped current is I = e · f with e
being the elementary charge and f the pumping frequency. This result conﬁrms that
indeed one electron is transferred during one pumping cycle. Because the pumping
mechanism of such a classical pump has many similarities to processes in macroscopic
systems, e.g., inside the gastrointestinal tract, it is often referred to as peristaltic pump.
Further experiments on classical pumping followed.50–52
In contrast to the pumping mechanism presented above, quantum pumping has no
classical analogs but is a consequence of a coherent superposition of diﬀerent quantum
mechanical states. Experiments on quantum pumping are still very rare. The pio-
neering one was performed by Switkes et al. in 1999.52 In this experiment a quantum
dot is realized by a conﬁned two-dimensional electron gas (2DEG), see Fig. 2.10(a).
The shape of the dots’ potential can be varied periodically in time by two diﬀerent
gate voltages, Vg1 ∝ sinΩt and Vg2 ∝ sin(Ωt+ φ), where Ω is the pumping frequency.
This variation is operated adiabatically, i.e., the period is large in comparison to the
other time scales of the system, see Sec. 2.2.3. Additionally, a magnetic ﬁeld is applied
perpendicular to the 2DEG. The idea of this experiment is to induce a voltage, Vdot,
across the quantum dot by means of pumping in absence of any bias current, Ibias = 0.
In good agreement with the theoretical predictions for adiabatic pumping the voltage
Vdot shows a sinusoidal dependence on the phase diﬀerence φ between the two gate
voltages, see Fig.2.10(b). However, the dependence on the magnetic ﬂux as well as the
amplitude strongly deviate from primal expectations. An explanation for this behavior
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Figure 2.9: Experiment of Pothier et al.48(a) Scheme of the setup. The numbers N1
and N2 indicate the occupation of the two islands which can be controlled
by the gate voltages V1 and V2. Each coupling is described by a capacitance.
(b) Stability diagram. The tuples (N1, N2) give the occupation of the two
islands for the corresponding gate-voltage conﬁguration.
is that in fact pumping is obscured by rectification.63 The gate voltages capacitively
couple to the reservoirs inducing an AC bias voltage. This AC signal is rectiﬁed by
a time dependent conductance, i.e., a signal can be measured also averaged over one
period.
The experiment of Switkes et al. shows that a realization of a quantum electron
pump without any rectiﬁcation eﬀects is very challenging. In an experiment performed
by Watson et al. electron transport was realized by a variation of two shape-deﬁning
gates of a GaAs quantum dot inside a Zeeman ﬁeld.53 As a result the pumped charge
is again dominated by rectiﬁcation eﬀects while the spin transport relies on quantum
pumping. Another very promising experiment on quantum electron pumping was per-
formed by Giazotto et al. in 2011.58 The setup consists of an InAs nanowire embedded
in a superconducting quantum interference device (SQUID). Transport through the
nanowire is generated by cyclic modulation of the phases of the superconductors’ or-
der parameters. The symmetry with respect to the enclosed magnetic ﬂux and the bias
current through the SQUID indicates that quantum pumping dominates rectiﬁcation
eﬀects in this setup.
2.2.2 Theory of Pumping
Electron pumping has been in the focus of many theoretical works. A lot of the eﬀort
has been devoted to systems, where the Coulomb interaction can be treated within a
mean-ﬁeld approach.64–74 In this regime, a well established theoretical framework for
pumping, based on the dynamical scattering approach to mesoscopic transport, exists,
where the pumping current can be expressed by Brouwer’s formula.64,65 It can be
understood as an analogon to the Landau-Bu¨ttiker formula,75, 76 which relates small
15
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(b)(a)
Figure 2.10: Experiment of Switkes et al.. From Science 283, 1905 (1999). Reprinted
with permission of AAAS. (a) Micrograph of the setup. (b) The voltage
Vdot as a function of the phase diﬀerence between the two time dependent
gate voltages φ. Diﬀerent symbols indicate diﬀerent magnetic ﬁelds. The
dashed curves are ﬁts of the form Vdot = A0 sinφ+B0.
changes of bias voltage and current to each other. As an example we show the form of
Brouwer’s formula for weak adiabatic pumping which is the limit under investigation in
this thesis. For noninteracting electrons with X1(t) = X1 +∆X1 sin(Ωt) and X2(t) =
X2 +∆X2 sin(Ωt+ φ) being the pumping parameters, the charge pumped into lead η
is then given by
Qη = e sinφ∆X1∆X2
∑
α∈η
∑
β
∞∫
−∞
dω
dfη(ω)
dω
Im
[
∂S∗αβ(ω)
∂X1
∂Sαβ(ω)
∂X2
]
. (2.9)
Here, e is the elementary charge, fη(ω) is the Fermi function of lead η, and Sαβ(ω) is
an element of the scattering matrix. The indices α and β denote all available transport
channels where α only includes those of lead η.
In some nano-scale systems, such as few-electron quantum dots, Coulomb interaction
can become very important, requiring a non-perturbative treatment. Pumping in
strongly interacting systems has attracted a lot of theoretical interest in the last few
years.77–92 Such systems have, e.g., been investigated by means of the slave boson
mean-ﬁeld approximation,77 an instantaneous linear response function calculated at
every step along the contour in parameter space,78 or a formalism using a controlled
gradient expansion79 .
In this thesis we use a diagrammatic perturbation expansion in the tunnel coupling
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X1(t)
X2(t)
A
Figure 2.11: The time evolution of the pumping parameters, X1(t) and X2(t) in para-
meter space. The contour encloses the area A.
strengths between quantum dots and leads which are assumed to be small.80 A more
detailed introduction is given in Sec. 4.2.
2.2.3 Limit of Weak Adiabatic Pumping
In this subsection we introduce the limit of weak adiabatic pumping which is the limit
under consideration in this thesis, see Chapters 4 and 6.
To generate a pumping current through a scattering region certain system parame-
ters are varied periodically in time. This happens with the frequency Ω. The adiabatic
limit is deﬁned by the condition that this frequency is much smaller than the reciprocal
dwell time τd of an electron in the scattering region,
Ω≪ 1
τd
. (2.10)
In this limit at least two pumping parameters, X1(t) and X2(t), are required to trans-
port charge on time average. The charge pumped in one period then only depends
on the contour determined by X1(t) and X2(t) in parameter space, see Fig. 2.11, but
not on the exact time evolution of the two parameters.93 In order to generate a ﬁnite
pumping current the area A enclosed by the contour has to be nonvanishing, i.e., the
pumping parameters X1(t) and X2(t) must not have the same or by π diﬀering phase.
The reason is that in adiabatic pumping time-reversal symmetry has to be broken. The
assumption of weak pumping is related to the amplitude of the time-dependent frac-
tion of the pumping parameters. Weak pumping means that the pumping parameters
only slightly deviate from their averages:
Xi(t) = Xi + δXi(t) , i ∈ {1, 2} (2.11)
with δXi(t) being small. In this context ’small’ means that all functions F depending
on Xi(t) can be approximated by: F (Xi(t)) ≈ F (Xi) + ddXi(t)F (Xi(t))|Xi(t)=XiδXi(t).
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In this case of weak pumping the pumped charge only depends on the area A and not
on the explicit shape of the contour.
2.3 Superconducting Heterostructures
In 1911 the Dutch physicist H. K. Onnes made a surprising discovery. Below a temper-
ature of 4,2 K mercury looses its electrical resistance.94 He discovered superconduc-
tivity. In the following decades further interesting properties of superconductors have
been found.95 One very important feature is that cooling a material below its criti-
cal temperature leads to an expulsion of the magnetic ﬁeld from the superconductor.
This phenomenon is known as Meissner eﬀect. The transition from a normal into the
superconducting state depends on two material-speciﬁc parameters. Below the critical
temperature and the critical magnetic ﬁeld materials become superconducting. And
also the kind of transition is material speciﬁc. While type I superconductors can only
be normal conducting or superconducting, type II superconductors can also be in a
mixed state, the so called Shubnikov phase, where for a ﬁnite magnetic ﬁeld normal
conducting vortex lattices are formed inside the superconductor. For the practical use
of superconductors, e.g., to realize high magnetic ﬁelds, the critical temperature is
very important. In high temperature superconductors (HTSC) it can be above 77 K
(temperature of ﬂuid nitrogen) enabling a relatively cheap cooling. All HTSC are of
type II.
A comprehensive theoretical description of superconductivity is given by the BCS
theory.96 Charge can be transferred in Cooper pairs consisting of two electrons. The
pairing mechanisms of type I and type II superconductors seem to diﬀer. It is com-
monly accepted, that in type I superconductors the attractive interaction between the
two electrons is mediated by phonons. One electron excites a phonon which is ab-
sorbed by another electron at a later time. The distance between these two electrons
is referred to as coherence length, which is typically 10−7 − 10−6 m. This formation
of Cooper pairs is energetically favorably for electrons close to the Fermi energy. The
consequence is a gap around the Fermi energy of the superconductor’s density of state.
Inside this gap only Cooper pairs and no single electrons exist. The Cooper pairs are
described by two electrons forming a singlet state. All singlets inside a superconduc-
tor have the same quantum mechanical phase and hence this phase is a macroscopic
property. In HTSC the temperature is too high for a phonon-based electron-electron
attraction and the origin of attraction is still under discussion. However, the formation
of Cooper pairs and the existence of an energy gap is beyond controversy.
In heterostructures containing superconductors and normal conductors interesting
transport phenomena as Andreev reflections (ARs) or the Josephson effect occur, which
will be presented in this subsection. Especially we focus on setups containing quan-
tum dots (QDs). Advancements in nanofabrication enabled to contact superconductors
with quantum dots (QDs), which can be formed in carbon nanotubes,97–102 in InAs
nanowires,103–105 in graphene,106 or by means of self-organization in InAs with Al elec-
trodes.107–109 There are several motivations to investigate such devices.110, 111 The
most important ones are probably that in such QD-superconductor devices the inter-
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normal conductor superconductor
Figure 2.12: Andreev reﬂection. An electron from the normal conductor is retrore-
ﬂected as hole and a Cooper pair is transferred into the superconductor.
play between superconducting correlations and Coulomb repulsion can be investigated
and that transport properties of QDs can easily be tuned by external gate electrodes.
Some formulations of Sec. 2.3.1 and Sec. 2.3.2 have been published in Ref. 112.
2.3.1 Andreev Reflection
Charge transport through interfaces between superconductors and normal conductors
takes place by diﬀerent processes. Above the energy gap of the superconductor’s
density of states, mainly single electrons are transferred, while subgap transport is
sustained by Andreev reﬂection (AR).113, 114 In an AR process, an electron in the nor-
mal conductor that impinges on the interface is retroreﬂected as a hole while a Cooper
pair is transferred into the superconductor, see Fig. 2.12. In junctions, where two su-
perconductors with diﬀerent chemical potential are linked by a central region, see Sec.
2.3.2, also multiple Andreev reﬂection may occur. In such a process several Andreev
reﬂections are correlated. An electron stemming from below the gap of superconductor
S1 is Andreev reﬂected from superconductor S2 and approaches again superconduc-
tor S1 as a hole. There it is Andreev reﬂected again as an electron. In principle an
arbitrary number of reﬂections can take place in this way. For each two reﬂections a
Cooper pair is transferred from one superconductor to the other. The corresponding
energy mismatch is gained by an electron to overcome the superconducting gap and
to be transferred from below the gap of S1 to above the gap of S2. In junctions with
more than one normal conductor also crossed Andreev reflections (CARs) may occur,
i.e. the two electrons forming the Cooper pair stem from diﬀerent normal conductors
(or tunnel into diﬀerent normal contacts in the opposite transport process). A require-
ment for the presence of CARs is that the distance between the contacts of the two
normal conductors must not exceed the coherence length of the superconductor. This
nonlocal transport mechanism has been extensively studied both theoretically115–123
and experimentally.124–127 In QD-superconductor devices (multiple) Andreev reﬂec-
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tion99,128–144 as well as crossed Andreev reﬂection145–150 have been the focus of many
theoretical works. Recently, CAR through QDs has also been observed in two very
similar experiments. The setup consists of a superconducting lead tunnel coupled to
two parallel quantum dots realized in an InAs semiconducting nanowire105 and a car-
bon nanotube,102 respectively. In both experiments each of the two quantum dots is
additionally coupled to separate normal reservoirs, see Fig. 2.13(a). The energy levels
(d)
(c)
(b)
(a)
Figure 2.13: Experiment on CAR in QDs performed by Hofstetter et al.. Reprinted by
permission from Macmillan Publishers Ltd: Nature 461, 960, copyright
2009. (a) Setup of the experiment. (b) Energy scheme of the setup. (c)-(d)
Linear conductance G2 of QD2 (green line) and change ∆G1 from QD1’s
average linear conductance (red line) in units of G0 ≡ 2e2h as a function
of the gate voltage Vg2. The gray line indicates the expected resistive
cross-talk. (c) Normal conducting state with magnetic ﬁeld B = 120mT.
(d) Superconducting state with B = 0.
of the two dots, QD1 and QD2, can be independently tuned by the external gates g1
and g2, respectively. In the following we exemplary introduce one of the two very sim-
ilar experiments which has been performed by Hofstetter et al..105 In this experiment
a voltage between the superconductor and the two normal conductors is applied. QD1
is kept on a ﬁxed level and only the gate voltage Vg2 is varied. An energy scheme of
one measurement conﬁguration is shown in Fig. 2.13(b). The linear conductance G2
of QD2 and the change ∆G1 from QD1’s average linear conductance are measured for
diﬀerent values of Vg2. This measurement was done for a magnetic ﬁeld B = 120mT
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bringing the superconductor in its normal state, see Fig. 2.13(c), and for B = 0, where
it stays superconducting, see Fig. 2.13(d). In both cases correlations of G2 (green
line) and ∆G1 (red line) appear. However, in the absence of any superconductivity
the correlation are weak and peaks in G2 lead to small dips in ∆G1. This is in good
agreement with the expected resistive cross talk (gray line). In the superconducting
state the kind of correlations completely changes. The nonlocal signal ∆G1 becomes
a magnitude higher. Moreover, peaks and dips come together in ∆G1 and G2. This
correlation strongly indicates the occurrence of CAR.
2.3.2 Josephson Effect
The Josephson eﬀect describes a Cooper-pair tunneling current between two super-
conductors weakly linked by an insulator, a normal conductor, or a constriction in
otherwise continuous superconducting material.151, 152 Such a device is called Joseph-
son junction. Even in the absence of any bias voltage Cooper pairs can be transferred
through a Josephson junction as long as the two superconductors have a diﬀerent
macroscopic phase. This phenomenon is called DC Josephson effect. The supercurrent
is given by
IS = IC sin∆ϕ , (2.12)
where ∆ϕ is the phase diﬀerence between the two superconductors. The critical current
IC is the maximal supercurrent, which has no resistance. For external driven currents
larger than the critical current also single electrons participate in transport. As a
consequence a voltage across the Josephson junction builds up.
A voltage V across the Josephson junction yields a time dependence of the phase
diﬀerence
d
dt
∆ϕ =
2eV
~
, (2.13)
which is known as the AC Josephson effect. The current alternates with frequency
f = 2eV/h. This makes a Josephson junction to an ideal voltage-frequency converter.
Many diﬀerent devices can be used as weak links of the two superconductors in a
Josephson junction. Using QDs enables the investigation of the inﬂuence of strong
Coulomb repulsion on transport through Josephson junctions. Another advantage
of QDs is the tuneability of the transport properties as the occupation of the dot
by external gates. It has been theoretically predicted153, 154 and experimentally con-
ﬁrmed100, 103 that the two electrons forming a Cooper pair can tunnel coherently one
by one through a strongly interacting quantum dot. The chronological order of the
tunneling processes changes for the dot occupation being even and odd. This gives
rise to a sign change of the transferred Cooper pair singlet referred to as π-transition.
As a consequence the direction of the supercurrent can be controlled by an external
gate. Whenever a bias voltage is applied between the two superconductors in a QD
Josephson junction multiple Andreev reﬂection processes may arise. This causes that
also higher harmonics contribute to the AC Josephson transport, i.e., f = 2neV/h
with n being integer. A more detailed discussion of this setup is given in Chapter 7.
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2.3.3 BCS Hamiltonian
In the BCS theory95, 96 a superconducting lead r is described by the BCS Hamiltonian
HBCSr =
∑
k,σ
εkc
†
rkσcrkσ − V
∑
kk′
c†rk′↑c
†
r−k′↓cr−k↓crk↑ , (2.14)
where c†rkσ (crkσ) is the creation (annihilation) operator for an electron with momentum
k and spin σ. The ﬁrst term describes free, noninteracting electrons as the Hamiltonian
for normal conductors given in Eq. (2.7). The second term reﬂects the attractive
electron-electron potential, which is mediated by phonons. Therefore, it only appears
for |εk −EF | < ~ωD and |εk′ − EF | < ~ωD, where ωD is the Debye frequency and EF
the lead’s Fermi energy. In the following we take the Fermi energy as reference for
other energies, EF = 0.
In this thesis we treat the BCS Hamiltonian within a mean-ﬁeld approximation.
Then, it is given by
Hmf-BCSr =
∑
k,σ
εkc
†
rkσcrkσ −∆∗
∑
k
S†rcr−k↓crk↑ −∆
∑
k
Src
†
r−k↑c
†
rk↓ (2.15)
with the order parameters ∆r ≡ V
∑
k′
〈
S†rcr−k′↓crk′↑
〉
and ∆∗r ≡ V
∑
k′
〈
Src
†
rk′↑c
†
r−k′↓
〉
.
The operators S†r (Sr) create (annihilate) a Cooper pair in lead r and hence allow
for particle conservation.151, 155 (In contrast to other bosonic operators they do not
generate prefactors as 1/
√
n, where n is the number of Cooper pairs.) For setups
containing only one superconductor a gauge can be chosen, where the Cooper pairs
have a vanishing energy. Then, there is no need to consider the number of Cooper
pairs explicitly, i.e., S†r = Sr = 1.
In order to diagonalizeHmf−BCSr a Bogoliubov transformation can be performed.95,139
The fermionic Bogoliubov quasiparticle operators γrkσ can be obtained from the elec-
tron operators crkσ by the relation(
γrk↑
γ†r−k↓
)
=
(
urk −vrkSr
v∗rkS
†
r u∗rk
)(
crk↑
c†r−k↓
)
(2.16)
with coeﬃcients
ukr =
√√√√1
2
(
1 +
εk − µk√
(εk − µk)2 + |∆r|2
)
(2.17)
and
vkr = e
iΦr
√√√√1
2
(
1− εk − µk√
(εk − µk)2 + |∆r|2
)
. (2.18)
Here, Φr is the phase of order parameter ∆r and µr is the chemical potential of reservoir
r. The mean-ﬁeld BCS Hamiltonian can then be written as
Hmf-BCSr =
∑
kσ
Erkγ
†
rkσγrkσ + µrN . (2.19)
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Here, Erk =
√
(εk − µr) + |∆|2 is the quasiparticle energy and N is the total number
of electrons which is the number of Bogoliubov quasiparticles plus twice the number of
Cooper pairs. The superconductor’s energy gap is reﬂected in the quasiparticle energy
Erk ≥ |∆|.
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In all setups under consideration in this thesis single-level quantum dots are weakly
tunnel coupled to external leads. The basis of our used method for calculations is
a diagrammatic real-time transport theory156, 157 where the degrees of freedom of the
leads are traced out from the total density matrix. The resulting reduced density matrix
can be treated explicitly. To this end the generalized master equation can be solved
by performing a perturbation expansion in tunnel coupling taking into account the
Coulomb repulsion nonperturbatively. The used assumptions are kBT ≫ kBTKondo
and Γ≪ kBT where Γ is the tunnel-coupling strength between dots and leads.
In this chapter we present the fundamentals of this method. Since the exact pro-
cedure of solution strongly depends on the problem under consideration, we do not
discuss how to solve the generalized master equation in this chapter. Instead we give
the details of the calculations in the corresponding result chapters 4, 5, 6 and 7.
3.1 Reduced Density Matrix
We consider a small number of single-level quantum dots (in this thesis always one or
two) tunnel coupled to external leads. The corresponding Hamiltonian H = Hdots +
Hleads+Htunn is given in Sec. 2.1.3. While the leads can be treated as large noninter-
acting reservoirs, dot electrons repel each other but the dot’s Hilbert space is small.
The coupling between these two subsystems, HT , is treated as perturbation which is
adiabatically switched on158 at time t0 which we ﬁnally set to minus inﬁnity (t0 → −∞),
i.e., H(−∞) = Hdots +Hleads. As a consequence the density matrix factorizes,
ρ(−∞) ≡ ρ0 = ρdots ⊗ ρleads . (3.1)
The leads degree of freedom are traced out from the total density matrix to obtain the
reduced density matrix
ρred ≡ trleads(ρ) . (3.2)
In the interaction picture the expectation value of a quantum-mechanical operator Aˆ(t)
at a certain time is given by
A(t) =
〈
TK
[
exp
(
−i
∫
K
dt′HT (t′)I
)
A(t)
]〉
0
. (3.3)
The integration
∫
K ... ≡
∫ t0
t ... +
∫ t
t0
... is performed along the Keldysh-contour,159
see Fig. 3.1, and TK is the time ordering operator along this contour. We introduce
the notation 〈...〉0 ≡ tr[ρ0...] for the expectation value at time t = t0. The reduced
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ρ
red(t0)
d ↑ 0 ↓ d
A(t)
d↓d↑0↓d
Figure 3.1: Example of a Keldysh-contour with initial time t0. The contraction of lead
operators are represented by tunneling lines between two vertices. The dot
states are taken into account explicitly along the contour. Irreducible parts
are colored yellow.
Planck constant is consequently set to one (~ = 1). An expansion of Eq. (3.3) yields
for the expectation value of the reduced density matrix
Pχ1χ2 (t) ≡ 〈χ1|ρred |χ2〉 (t)
=
∞∑
n=0
(−i)n
∫
K
dt1...
∫
K
dtn︸ ︷︷ ︸
t1>...>tn
〈TK [HT (t1)I...HT (tn)I |χ2〉 〈χ1|(t)]〉0 , (3.4)
where χ1 and χ2 are dot states. The diagonal elements Pχ ≡ Pχχ give the probability
for the dot being in the corresponding dot state χ. Each tunneling Hamiltonian HT (ti)
consists of summands which are proportional to d†σcrkσ or c
†
rkσdσ. As a consequence
the n-th order in the expansion shown in Eq. (3.4) contains summands with n creation
and n annihilation operators. By means of Wick’s theorem158 lead operators can be
contracted in pairs, i.e., only the expectation values of two lead operators have to be
taken into account. The total expansion can completely be performed diagrammati-
cally, see Fig. 3.1. The vertices on the contour symbolize the tunneling Hamiltonian
at a certain time and the contractions are illustrated as tunneling lines between the
vertices. Since a lead annihilation operator always comes with a dot creation operator
and vice versa, each contraction of the lead operators also involves a change of the dot
state, which is treated explicitly along the contour. The summation of all topological
diﬀerent contours corresponds to the expectation value of Eq. (3.4).
3.2 Generalized Master Equation
The time evolution of the reduced density matrix can generally be described by
Pχ1χ2 (t) =
∑
χ′1,χ
′
2
Π
χ1χ′1
χ2χ′2
(t, t0)P
χ′1
χ′2
(t0) , (3.5)
where we introduced the full propagator Π
χ1χ′1
χ2χ′2
(t, t0). It is represented by the sum of
all diagrams with ﬁnal and initial states as illustrated in Fig. 3.2 arising from Keldysh
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Π
χ1
χ2χ
′
2
χ
′
1
Figure 3.2: Diagrammatic illustration of the propagator Π
χ1χ′1
χ2χ′2
(t, t0).
contours which are not closed. The ingredients of the full propagator are on the one
hand the free propagator Π(0)
χ1
χ2 (t1, t2) and on the other hand the irreducible diagrams
W
χ1χ′1
χ2χ′2
(t2, t1). In this context irreducible means that a vertical cut through the diagram
always involves cutting a tunneling line, see Fig. 3.1. The free propagator corresponds
to the undisturbed system and, therefore, does not contain any tunneling lines. By
means of these two ingredients the full propagator can be expressed self-consistently
in a Dyson equation
Π
χ1χ′1
χ2χ′2
(t, t0) = Π
(0) χ1
χ2 (t, t0)δχ1χ′1δχ2χ′2
+
∑
χ′′1χ
′′
2
t∫
t0
dt1
t1∫
t0
dt2 Π
(0) χ1
χ2 (t, t1)W
χ1χ′′1
χ2χ′′2
(t1, t2)Π
χ′′1χ
′
1
χ′′2χ
′
2
(t2, t0) (3.6)
which is illustrated in Fig. 3.3.
Π Π
(0)
WΠ Π
(0) +=
Figure 3.3: Dyson equation.
The free propagator is simply given by
Π(0)
χ1
χ2 (t, t0) = e
−i(Eχ1−Eχ2)(t−t0) , (3.7)
where Eχ1 and Eχ2 are the eigenenergies of the corresponding dot states. From Eqs.
(3.5), (3.6), and (3.7) follows the generalized master equation:
d
dt
Pχ1χ2 (t) = −i
(
Eχ1(t)−Eχ2 (t)
)
Pχ1χ2 (t) +
∑
χ′1χ
′
2
t∫
−∞
dt′W χ1χ
′
1
χ2χ′2
(t, t′)Pχ
′
1
χ′2
(t′) , (3.8)
where we inserted minus inﬁnity as initial time t0 = −∞. The reduced density matrix
can be obtained from the generalized master equation together with the normalization
condition ∑
χ
Pχ = 1 . (3.9)
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Since in general the rates W
χ1χ′1
χ2χ′2
(t, t′) can not be computed exactly a perturbation
expansion is performed in tunnel coupling between dots and leads. Details of each
calculation are given in the corresponding result chapters.
3.3 Current Formula
The electrical current out of lead r is governed by the change of numbers of electrons
occupying the lead, i.e., ddtNr. The current operator is then given by
Iˆr(t) = e
d
dt
Nr(t) = −ie
∑
kσ
trkc
†
rkσdσ(t)− t∗rkd†σcrkσ(t) . (3.10)
In order to calculate the expectation value of the current Ir(t) ≡ 〈Iˆr(t)〉 by means of the
Keldysh technique the current operator has to be the rightmost vertex on the contour.
We contract this vertex with another vertex arising from the tunneling Hamiltonian.
By shifting the rightmost vertex onto the upper or lower contour irreducible blocks
similar to those introduced in the previous section arise, see Fig. 3.4.. Therewith the
current can be expressed as
Ir(t) = e
∑
χχ′χ′′
t∫
−∞
dt′ W Ir
χχ′
χχ′′ (t, t
′)Pχ
′
χ′′(t
′) (3.11)
with the current rates W Ir
χχ′
χχ′′ (t, t
′). As for the generalized master equation also the
solution process of this integral strongly depends on the problem under consideration.
Therefore, we give all details in the corresponding result chapters.
Iˆ(t)
Figure 3.4: The diagrammatic illustration of a current rate W Ir
χχ′
χχ′′ (t, t
′). It is ob-
tained by shifting the rightmost vertex onto the upper or lower part of the
contour.
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4 Adiabatic Pumping through a
Double-Dot ABI
In Section 2.2 we introduced the transport mechanism of adiabatic pumping and made
the distinction between classical and coherent pumping. The goal of the present chap-
ter is to address the issue of coherence in adiabatic pumping through systems with
strong Coulomb interaction such as quantum dots. Recently, there have been several
experiments on pumping in nano systems containing quantum dots,55, 160–163 where
the inﬂuence of Coulomb repulsion has been studied. However, in this chapter we
especially want to focus on the role of coherence. To this end, we consider pumping
in an Aharonov-Bohm interferometer (ABI), with a quantum dot embedded in each
of the two arms, see Fig. 4.1. An important issue when interpreting experimental
data is to distinguish pumping from rectiﬁcation.63 In fact, due to the presence of
stray capacitances, undesired ac bias voltages may appear across the time-dependent
conductor, and can give rise to a dc current. Therefore, we compare pumping and
rectiﬁcation, analyze the diﬀerent processes contributing to transport and discuss to
which degree symmetry with respect to the magnetic ﬁeld can be used to distinguish
the two transport mechanisms.
In the diploma-thesis from Ref. 164 amongst other things adiabatic pumping through
a double-dot ABI has been studied, but in the very special limits of completely symmet-
ric coupling strengths and noninteracting electrons. The present work is a continuation.
Most parts of this chapter have already been published in Ref. 59.
Φ
φ/4iφ/4i
φ/4i iφ/4
e
QD2
QD1
e
e
e
leadlead
Figure 4.1: Setup of the double-dot Aharonov-Bohm interferometer.
4.1 Model
We start by reviewing the diﬀerent building blocks of the quantum-dot Aharonov-
Bohm interferometers which have already been introduced in Sec. 2.1.3. They are
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given by
Hdot,j = εj
∑
σ
njσ + Unj↑nj↓ ,
Hleads =
∑
rkσ
εrkc
†
rkσcrkσ ,
and
Htunn,j =
∑
kσr
trj
(
c†rkσdjσ +H.c.
)
.
The two quantum dots are numbered by index j. We assume the inter-dot charging
energy to be negligible. Furthermore, we deﬁne Γj ≡
∑
r Γrj =
∑
r 2π|trj |2ρr. The
total Hamiltonian reads H =
∑
j=1,2 [Hdot,j +Htunn,j] +Hleads. We choose the gauge
in which − arg tL1 = arg tR1 = − arg tR2 = arg tR1 = φ/4.
4.2 Real-Time Approach to Adiabatic Pumping
In Chapter 3 we derived the generalized master equation for the reduced density matrix
and the corresponding current formula in its most general forms. In the following we
demonstrate how to solve these equation in the adiabatic limit, i.e., for the pumping
frequency Ω being much smaller than the inverse response time of the system. To this
end, we follow the lines of Ref. 80 and extent the theory for a double-dot Aharonov-
Bohm interferometer where also oﬀ-diagonal elements of the reduced density matrix
appear accounting for coherent superpositions of the electrons in diﬀerent quantum
dots.28, 29 We introduce the vector pi = (Pχ1χ1 , ..., P
χm
χm , ..., P
χi
χj , ...)
T, (with i 6= j), whose
ﬁrst m components are all diagonal elements of the reduced density matrix followed
by all oﬀ-diagonal elements. In matrix notation the reduced density matrix can then
be written as
d
dt
pi(t) = −iE(t)pi(t) +
t∫
−∞
dt′W(t, t′)pi(t′) . (4.1)
The matrix elements of E(t) are given by Eχχ
′′
χ′χ′′′(t) = δχχ′′δχ′χ′′′ (Eχ(t)− Eχ′(t)). 1
We are interested in pumping, i.e., in transport due to the periodic variation of the
system parameters, collectively denoted by X. The vector pi(t) as well as the kernel
W(t, t′) depend in a functional way on the pumping parameters X(τ). To solve Eq.
(4.1) we perform an adiabatic expansion. For this purpose, we ﬁrst perform a Taylor
expansion around the ﬁnal time t of pi(τ) = pi(t) + (τ − t)dpidτ (τ)
∣∣∣
τ=t
in the integral
on the right-hand side of Eq. (4.1). Furthermore, we need to perform the adiabatic
1The matrix elements of W(t, t′) and E(t) are arranged in such a way that the matrix indices,
characterized by two dot-state labels χ1 and χ2 each, match the order chosen for the vector pi.
This ensures that W χ χ
′′
χ′χ′′′
(t, t′) and Eχ χ
′′
χ′χ′′′
(t) connect the initial pχ
′′
χ′′′
with the final pχ
χ′
state.
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expansion of the kernel W(t, t′). In order to do so, we expand the parameters around
the time t, i.e., X(τ) = X(t) + (τ − t) ddτX(τ)
∣∣∣
τ=t
. We write the kernel expansion as
W(t, t′) =W(i)t (t− t′) +W(a)t (t− t′). (4.2)
The subscript t denotes the time t around which the adiabatic expansion is performed.
The instantaneous part with superscript (i) is obtained by freezing all parameters at
time t. The adiabatic correction term with superscript (a) contains only terms which
are linear in time derivatives of the pumping parameters ddτX(τ)
∣∣∣
τ=t
. Finally, we
perform an adiabatic expansion of the reduced density matrix,
pi(t) = pi
(i)
t + pi
(a)
t . (4.3)
The instantaneous part can be obtained by solving the generalized master equation in
the stationary limit
0 =
(
−iE(t) +W(i)t
)
pi
(i)
t (4.4)
together with the normalization condition npi
(i)
t = 1 with n = (1, ...1, 0, ..., 0), i.e., the
ﬁrst m components of n are 1 and the other components are 0. In Eq. (4.4), we have
introduced the generalized rates as the Laplace transform of the Kernel computed at
zero frequency: W
(i/a)
t = lim
z→0+
t∫
−∞
dt′e−z(t−t
′)W
(i/a)
t (t− t′).
The ﬁrst adiabatic correction of the generalized master Eq. (4.1) reads
d
dt
pi
(i)
t =
(
−iE(t) +W(i)
t
)
pi
(a)
t +W
(a)
t pi
(i)
t + ∂W
(i)
t
d
dt
pi
(i)
t , (4.5)
with ∂W
(i)
t = lim
z→0+
d
dz
t∫
−∞
dt′e−z(t−t′)W(i)t (t − t′). Equation (4.5) together with the
normalization condition npi
(a)
t = 0 allows to determine the adiabatic correction of the
reduced density matrix pi
(a)
t .
In the following, we concentrate on the limit of weak tunnel couplings. Therefore,
we perform a perturbation expansion in the tunnel-coupling strength Γ between dot
and leads. The kth order contribution to the reduced density matrix is denoted by
pi
(i/a,k)
t . Matching the orders in Eq. (4.5), it is easy to see that the expansion of the
instantaneous term of the reduced density matrix pi
(i,k)
t starts in zeroth order (k = 0),
while the adiabatic correction pi
(a,k)
t starts in minus ﬁrst order in Γ (k = −1). This
does not invalidate the expansion, since due to the low-frequency condition Ω≪ Γ the
correction pi
(a,−1)
t ∝ Ω/Γ still remains small.
The expectation value of the current ﬂowing into lead r consists of an instantaneous
part and its adiabatic correction. The instantaneous part reads
J (i)r (t) = enW
r,(i)
t pi
(i)
t , (4.6)
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with the current rates Wr. The latter are calculated similar to W but are weighted
with the number of electrons transferred to lead r. Without applied bias voltage the
instantaneous part vanishes. Hence, the pumped current is given by the adiabatic
correction
J (a)r (t) = en
(
W
r,(a)
t pi
(i)
t +W
r,(i)
t pi
(a)
t + ∂W
r,(i)
t
d
dt
pi
(i)
t
)
, (4.7)
where the superscript r points out that the rates, both the instantaneous ones and their
adiabatic corrections, are current rates and the number of transferred electrons needs
to be accounted for. The rules how to calculate all rates W are given in Appendix A.
4.3 Results
Using the real-time perturbation theory we compute the pumped current through an
AB interferometer with a quantum dot embedded in both arms. We concentrate on the
limit of weak tunnel coupling and we expand the pumped current up to the lowest order
that is AB-ﬂux dependent, which is associated with AB interference. Furthermore, we
calculate the dc current driven through the AB interferometer by an applied ac bias
voltage and rectiﬁed by the time dependence of the instantaneous conductance of the
system. We identify the characteristic features for both transport mechanisms. This
helps us to deepen our understanding of pumping, but more importantly, to distinguish
pumping from rectiﬁcation in experiments. We consider two diﬀerent limits regarding
the Coulomb-interaction strength: (i) fully noninteracting case and (ii) inﬁnite intra-
dot interaction, which forbids double occupation of a single dot, and negligible inter-dot
interaction.
4.3.1 Weak Adiabatic Pumping
We consider the tunneling barriers between dot and lead to be the same for both dots:
ΓL1 = ΓL2 = ΓL and ΓR1 = ΓR2 = ΓR. We assume the diﬀerence ∆ε = ε1−ε2 between
the dot level of the upper and of the lower dots to be of the same order as Γ. The
average level is deﬁned as ε = (ε1+ ε2)/2. We calculate the current in ﬁrst order in Γ.
This order of perturbation theory is already ﬂux dependent. In the noninteracting case,
we can consider spinless electrons and take into account spin degeneracy by multiplying
the current by a factor of 2. The dot Hilbert space for spinless electrons is spanned
by the states {|0〉, |1〉, |2〉, |12〉}, corresponding, respectively, to both dots being empty,
only upper dot occupied, only lower dot occupied, and both dots occupied. On the
other hand, for inﬁnite intra-dot interaction the dot Hilbert space has dimension 9 and
it is spanned by the states {|0〉, |jσ〉, |1σ2σ′〉}, with j = 1, 2 and σ, σ′ =↑, ↓. These
states correspond, respectively, to both dots being empty, dot j occupied with spin σ
and both dots occupied with spin σ in dot 1 and spin σ′ in dot 2. For the interacting
system, we introduce the abbreviation pj
′
j ≡ pj
′σ
jσ . In both cases addressed here, the
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pumped current is written conveniently as a function of the isospin’s expectation value
I =
 IxIy
Iz
 = 1
2
 p12 + p21i(p21 − p12)
p22 − p11
 .
Notice that if the isospin lies in the xy plane, it indicates that the system is in a
superposition of two states: one with only an electron in the ﬁrst dot and a second
with only an electron in the second dot (both states with the same spin).
Computing the adiabatic correction to the reduced density matrix and inserting it
in Eq. (4.7) in isospin notation, we obtain for noninteracting electrons
J
(a,0)
L(U=0) = −4e
ΓL
Γ
2ΓR sin
φ
2
(
Γ sin φ2 +∆ε cos
φ
2
)
+∆ε2
4ΓLΓR sin
2 φ
2 +∆ε
2
df(ε)
dε
dε
dt
. (4.8)
In the case of inﬁnite interaction within one dot and vanishing interaction between
the dots the expression for the current is quite long. For symmetric tunnel-coupling
strengths (ΓL = ΓR) it simpliﬁes to
J
(a,0)
L(U→∞) = −2e
df(ε)
dε
dε
dt
Γ2 sin2 φ2 [1 + f(ε)]
3 +∆ε2[1 + f(ε)] + Γ∆ε cos φ2 sin
φ
2
[1 + f(ε)]3
{
(Γ2 sin φ2 [1 + f(ε)]
2 +∆ε2
} .
(4.9)
Now we consider weak pumping and compute the pumped charge in bilinear order
of the pumping parameters ε(t) = ε¯+ δε(t) and ∆ǫ(t) = ∆ε+ δ∆ε(t). The area of the
pumping cycle in the parameter space is
η∆ε,ε =
2pi/Ω∫
0
∂δε
∂t
δ∆εdt.
For noninteracting electrons the pumped charge per period reads
Q
(a,0)
∆ε,ε(U=0) = 8eη∆ε,ε
ΓLΓR
Γ
sin
φ
2
df(ε¯)
dε¯
cos φ2 (∆ε
2 − 4ΓLΓR sin2 φ2 )− 2(ΓL − ΓR) sin φ2 ∆ε(
4ΓLΓR sin
2 φ
2 + ∆ε
2
)2 .
(4.10)
For an inﬁnite Coulomb interaction we give, again, the expression for symmetric tunnel
coupling,
Q
(a,0)
∆ε,ε(U→∞) = 2eη∆ε,εΓ
df(ε¯)
dε¯
cos φ2 sin
φ
2 {∆ε
2 − Γ2 sin2 φ2 [1 + f(ε¯)]2}
[1 + f(ε)]3
{
Γ2 sin2 φ2 [1 + f(ε)]
2 + ∆ε
2
}2 . (4.11)
The pumped charge for ΓL 6= ΓR as a function of ε¯ and ∆ε is shown in Figs. 4.2(a) and
4.2(b). We ﬁnd a sign change in the pumped charge which in the noninteracting case
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Figure 4.2: Pumped charge Q
(a,0)
∆ε,ε in units of Q0 = eη(ε, δε)/Γ
2 for ΓL = 0.8Γ, ΓR =
0.2Γ, φ = π/2, and kBT = 2Γ. (a) and (b) show a density plot where
Q
(a,0)
∆ε,ε is a function of ε¯ and ∆ε for (a) vanishing and (b) inﬁnite Coulomb
interaction. Cuts through (b) are shown in (c) and (d). In (c) Q
(a,0)
∆ε,ε is
plotted as a function of ∆ε for diﬀerent ε¯. In (d) Q
(a,0)
∆ε,ε is plotted as a
function of ε¯ for diﬀerent ∆ε.
only depends on ∆ε but for an inﬁnite interaction also depends on ε . Equation 4.11
suggests an even symmetry concerning ∆ε. Figure 4.2(c) shows that this symmetry
is not general but only valid for symmetric tunneling barriers. As a function of ε¯,
the pumped charge is even only in the noninteracting but not in the interacting case,
Fig. 4.2(d).
The fact that we ﬁnd a nonvanishing pumped charge at all is not self-evident. The
two pumping parameters are associated with the diﬀerent arms of the interferometer.
This suggests that pumping relies on coherent superposition of states localized in the
diﬀerent arms described by the isospin components Ix and Iy. Therefore, one can view
pumping in this case as fully quantum mechanical.
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4.3.2 Comparison with Rectification
Adiabatic pumping may be obscured by rectiﬁcation. A time-dependent gate voltage
may not only change the level position of the quantum dot but, due to a parasitic
capacitive coupling to the leads, give rise to an eﬀective (in-phase) ac bias voltage.
This ac bias voltage can, in turn, cause a dc current component due to the time
dependence of the dot-level position. In Ref. 63, symmetry with respect to magnetic
ﬁeld has been used to discriminate pumping from rectiﬁcation. Assuming that the lever
arms between gates and reservoirs are small, one can neglect rectiﬁcation contributions
quadratic in V (t) but to zeroth order in time variation of the system parameters of
the pumping region (δǫ in our case). This is because the eﬀect of the gate-voltage
modulation on the dot-level position dominates over the ac voltage due to the parasitic
stray capacitance. In this limit, the charge transferred in one period by rectiﬁcation
can be computed as Qrec,X =
∫ 2pi/Ω
0 GL(t)V (t)dt, where GL(t) is the instantaneous
linear conductance and V (t) is the undesired oscillating bias voltage. Due to Onsager
relations the linear conductance, and, therefore, also the rectiﬁcation contribution to
the transferred charge, is an even function of the magnetic ﬁeld. This reasoning,
however, is no longer valid when contributions to the rectiﬁed current that are non-
linear in the parasitic ac bias voltage have to be taken into account. In fact, magnetic
ﬁeld symmetries for diﬀerent transport regimes have been extensively investigated
experimentally165–167 as well as theoretically.168, 169 In nonlinear response it has been
measured that Coulomb interaction may yield an odd part also in rectiﬁcation.167 The
ratio between odd and even parts strongly depends on the bias mode and the frequency.
Especially, in the adiabatic regime the odd part is in general not negligible.169
We consider rectiﬁcation in the linear-response regime, in which the linear conduc-
tance, and, therefore, also the transferred charge, is an even function of the magnetic
ﬂux. The linear conductance for vanishing interaction reads
G
(1)
L(U=0) = −4e2
ΓLΓR
Γ
df
dε
∆ε2 + ΓLΓR sin
2 φ
∆ε2 + ΓLΓR sin
2 φ
2
, (4.12)
while for inﬁnite intra-dot interaction it is
G
(1)
L(U→∞) = −4e2
ΓLΓR
Γ
1
1 + f(ε)
df
dε
ΓLΓR(1− cosφ) [1 + cosφ+ 2f(ε) (2 + f(ε))] + ∆ε2
2ΓLΓR(1− cosφ) (1 + f(ε))2 +∆ε2
.
(4.13)
The pumping, on the other hand, has no deﬁnite symmetry with respect to magnetic
ﬁeld (Fig. 4.3) unless a symmetric choice of the tunnel-coupling strengths is assumed.
Furthermore, we remark that the pumped charge vanishes for zero ﬂux.
4.4 Conclusions
We have investigated adiabatic pumping through an AB interferometer with a quan-
tum dot embedded in both arms by means of a diagrammatic real-time approach to
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Figure 4.3: Pumped charge Q
(a,0)
∆ε,ε in units of Q0 = eη(ε, δε)/Γ
2 and rectiﬁed charge
Q
(i,1)
rec,ε in units of Q0 = e
2ηrec,ε/Γ as a function of φ for U =∞, ΓL = 0.8Γ,
ΓR = 0.2Γ, ε¯ = 0, ∆ε = 0.5Γ, and kBT = 2Γ.
pumping. Adiabatic pumping with the levels of the two dots is a pure quantum-
mechanical transport mechanism, since it relies on the system being in a coherent
superposition of eigenstates of the dots in the upper and lower arms. Therefore, a
nonvanishing pumping signal is not self-evedent. Finally, we found that the symme-
try of the pumped charge with respect to the magnetic ﬂux may help to distinguish
pumping from rectiﬁcation, at least in the linear-response regime.
36
5 Spin-Dependent Transport through
Quantum-Dot ABIs
In Sec. 2.1.2 we discussed the coherence of transport through quantum dots which
can be investigated in quantum-dot Aharonov-Bohm interferometers (QD-ABIs). If
any coupling of the quantum dot to some bath is negligibly small then the only source
of decoherence is connected to the spin degree of freedom in the quantum dot. In
general, transport through the quantum dot can be divided into spin-ﬂip and non-
spin-ﬂip processes. Only the non-spin-ﬂipping ones are coherent. It was theoretically
predicted28,29 and experimentally conﬁrmed16,17 that the fraction c = Icoh/Itotal of
coherent transport can be extracted from measuring the Aharonov-Bohm-oscillation
amplitude as a function of level energy for a quantum dot embedded in an Aharonov-
Bohm ring. For exclusively normal conducting leads the fraction of coherent to total
linear conductance in the limit of weak tunnel coupling has been found to be c =
1/[1 + f(ǫ)], where f(ǫ) is the Fermi function and ǫ the quantum dot level, measured
relative to the Fermi energy of the leads.
In order to substantiate the role played by the spin, we suggest in this chapter to
consider one of the electrodes to be a lead with a ﬁnite degree of spin polarization
p, see Fig. 5.1. The main idea behind this proposal is that a large degree of spin
polarization should, in general, increase the fraction of coherent transport since spin-
ﬂip processes are less frequent. However, introducing a spin-polarized lead breaks the
spin symmetry and, thus, changes the transport characteristics in a non-trivial way.
This includes the possibility of spin accumulation on the dot,170–173 tunnel magneto
resistance,174, 175 or a negative diﬀerential conductance.171, 176–178 Especially we are
interested in the two questions (1) What fraction c of the total current through a
single-level quantum dot weakly coupled to the electrodes is coherent? (2) How and
under which circumstances can this fraction c be extracted from a current measurement
in an Aharonov-Bohm setup? Since the physics of spin accumulation may introduce
an asymmetry of the current between the cases ǫ > 0 and ǫ < 0, that is not related
to decoherence, an asymmetry of the AB oscillation amplitude does not necessarily
indicate decoherence. The measurable quantity to compare c with is the visibility v.
In case of weak tunneling, where only one Fourier component of the ﬂux-dependent
current needs to be considered, the visibility v (with v > 0) is deﬁned via
Itotal(ϕ) = Iav [1 + v cos(ϕ+ ϕ0)] , (5.1)
where Iav is the ﬂux-averaged current and ϕ the AB phase. Spin-ﬂip processes due
to spin-orbit coupling are neglected in the following considerations. Furthermore,
we restrict our analysis to temperatures larger than the Kondo temperature. For
temperatures below the Kondo temperature, the lead electrons screen the local spin
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on the quantum dot, and, as a consequence, no spin-ﬂip scattering occurs anymore,
see, e.g., Ref. 179.
The most parts of this chapter have already been published in Ref. 10.
normal
iφ
e
QD
Φ
lead
ferro−
magnet
Figure 5.1: Setup of single-dot Aharonov-Bohm interferometer with one spin-polarized
lead.
5.1 Model
We consider a closed single-dot ABI, i.e., a two-terminal ABI with a single-level quan-
tum dot embedded in one of the arms, see Fig 5.1. The total Hamiltonian of our
system consists of four parts,
H = Hdot +Hleads +Htunn +Href . (5.2)
The ﬁrst three summands of the Hamiltonian are the same as introduced in Sec.
2.1.3
Hdot = ε
∑
σ
nσ + Un↑n↓
Hleads =
∑
rkσ
εrkσc
†
rkσcrkσ
Htunn =
∑
rkσ
trc
†
rkσdσ +H.c. .
In the ferromagnetic lead we have to distinguish between the density of states of
electrons with majority (σ = +) and minority spin (σ = −). For the normal lead this
distinction is not necessary (ρN/2 ≡ ρN+ = ρN−). The spin polarization p = (ρF+ −
ρF−)/(ρF++ρF−) characterizes the asymmetry of the density of states. Tunnel-coupling
strengths are then deﬁned as ΓN = 2π|tN|2ρN and ΓF± = 2π|tF|2ρF± = (1± p)ΓF.
The second (“reference”) interferometer arm is modeled by a direct tunnel coupling
between the leads. The Hamiltonian of the reference arm reads
Href =
∑
k,q,σ
(t˜c†NkσcFqσ +H.c.) (5.3)
with transmission amplitude trefσ = 2πt˜
√
ρFσρN. The magnetic ﬂux Φ threading the
interferometer is included in the phases of the tunneling amplitudes. We choose the
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gauge in which tF, tN ∈ ℜ+ and arg t˜ = ϕ = 2πΦ/Φ0, where Φ is the magnetic ﬂux
and Φ0 the ﬂux quantum. In analogy to the tunnel coupling to the dot, we deﬁne the
total transmission probability |tref|2 = |tref+ |2 + |tref− |2.
5.2 Method
In the following considerations spin-ﬂip processes occur in cotunneling but we assume
the spin to be always conserved during a single tunneling event. As a consequence
superpositions of diﬀerent dot states are absent. The dynamics of the quantum dot’s
degree of freedom, i.e., the probabilities Pχ to ﬁnd the dot in state χ = 0, ↑, ↓, d, is
governed by a generalized master equation, see Eq. (3.8). In the stationary limit, it
simpliﬁes to
0 =
∑
χ′
Wχχ′Pχ′ . (5.4)
Here, Wχχ′ ≡ lim
z→0+
t∫
−∞
dt′e−z(t−t
′)Wχχ′(t, t
′) is the transition rate Fourier transformed
at zero frequency, which is time-independent. Analogously the stationary current can
be written as
I = e
∑
χ′
W Iχχ′Pχ′ , (5.5)
where the current transition rates W Iχχ′ are obtained from the transition rates Wχχ′
by multiplying with the net number of transferred electrons in the transition described
by Wχχ′ .
Our method is applicable for arbitrary values of the Coulomb repulsion U . However,
in this chapter for simplicity we only consider the two limits U = 0 and U = ∞ from
now on. In the latter case, double occupancy of the dot is prohibited. We aim at
a systematic perturbation expansion for weak coupling (Γ . kBT and |tref | ≪ 1) of
the current I =
∑
m,n I
(m,n), where m indicates the power in the tunnel coupling Γ
between dot and leads and n the power in the direct tunnel coupling |tref | between
the two leads. A direct coupling between the leads can be made small in experiments
with the help of a tunable barrier in the reference arm. We perform a corresponding
expansion for the probabilities and the transition rates. We restrict ourselves to the
lowest-order contributions. This means, we include the current through the reference
arm in the absence of the quantum dot, I(0,2), the interference term I(1,1)(ϕ), which is
the lowest-order contribution that depends on the Aharonov-Bohm phase ϕ, and the
current through the quantum dot in the absence of the reference arm.
For the last contribution, it is important to distinguish two diﬀerent transport
regimes. If the dot level ε lies inside the energy window for which occupied states
in the source electrode and simultaneously empty states in the drain are available, i.e.,
|ε| . max{kBT, |eV/2|}, then transport is dominated by transition rates W (1,0) (and
W I(1,0)) that are ﬁrst order in Γ. It is clear that in this case only ﬁrst-order rates are
required to evaluate the zeroth-order probability distribution P
(0,0)
χ . We refer to this
procedure as calculation scheme 1.
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The situation is diﬀerent in the cotunneling regime, |ε| ≫ max{kBT, |eV/2|}, for
which some of the rates W (1,0) are exponentially suppressed and the lowest-order con-
tribution is W (2,0). Then, as discussed e.g. in Ref. 180, some second-order rates are
required to evaluate the zeroth-order probability distribution P
(0,0)
χ . This we call cal-
culation scheme 2. The details of matching the diﬀerent orders in the generalized
master equation for the two schemes are presented in Appendix B.
For scheme 1, we use a real-time diagrammatic technique to perform the perturba-
tion expansion in the tunnel-coupling strengths.156,157 The rules for a diagrammatic
calculation of a rate are given in Appendix A. The advantage of this technique is that
it is systematic in the sense that all contributions of given order are properly taken
into account. The downside is that including higher-order contributions becomes in-
creasingly cumbersome. In the cotunneling regime, where scheme 2 needs to be used,
the expressions for the rates obtained from the diagrammatic technique drastically
simplify. In that case it is easier to directly identify all the cotunneling processes
and evaluate the corresponding rates by second-order perturbation theory rather than
employing the real-time diagrammatics.
To discuss the results obtained by scheme 1, we will only provide the ﬁnal expressions
for the current. As we will discuss below, for connecting the degree of coherence with
the visibility of the Aharonov-Bohm oscillations, the cotunneling regime is more im-
portant. In this case, we use scheme 2 with the cotunneling rates W
(2,0)
χχ′ =
∑
r,r′
γ
χχ′(2,0)
rr′ ,
where γχχ
′
rr′ is the rate of a transition where an electron is transferred from reservoir r
′
to reservoir r, accompanied by a change of the dot state from χ′ to χ. An example for
the calculation of such a cotunneling rate, as introduced in Refs. 181,182 for metallic
islands and applied for single-level quantum dots, e.g., in Ref. 183, is given in Appendix
C. For |ε| ≫ max{kBT, |eV/2|} and U = 0, the cotunneling rates simplify to
γ
00(2,0)
rr′ = γ
σσ(2,0)
rr′ = γ
dd(2,0)
rr′ =
∑
σ′
Γσ
′
r Γ
σ′
r′
2πε2
F (µr − µr′) (5.6)
γ
σ¯σ(2,0)
rr′ = 0 (5.7)
with F (x) = x/[exp(x/kBT )− 1]. For U =∞, we obtain
γ
00(2,0)
rr′ =
∑
σ
ΓσrΓ
σ
r′
2πε2
F (µr − µr′) (5.8)
γ
σσ(2,0)
rr′ =
ΓσrΓ
σ
r′
2πε2
F (µr − µr′) (5.9)
γ
σ¯σ(2,0)
rr′ =
ΓσrΓ
σ¯
r′
2πε2
F (µr − µr′) . (5.10)
The rates in Eqs. (5.8) and (5.9) are associated with non-spin-ﬂip processes while
Eq. (5.10) describes spin-ﬂip processes.
Finally, we also need the rates to ﬁrst order in Γ and ﬁrst order in |tref |. Only those
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contributions with r 6= r′ exist. We obtain
γ
00(1,1)
rr′ = δr,r¯′
∑
σ
|trefσ |
√
ΓσrΓ
σ
r′
πε
F (µr − µr′) cosϕ (5.11)
γ
σσ′(1,1)
rr′ = 2δσ,σ′δr,r¯′
|trefσ |
√
ΓσrΓ
σ
r′
πε
F (µr − µr′) cosϕ (5.12)
γ
dd(1,1)
rr′ = −γ00(1,1)rr′ (5.13)
for U = 0 and
γ
00(1,1)
rr′ = δr,r¯′
∑
σ
|trefσ |
√
ΓσrΓ
σ
r′
πε
F (µr − µr′) cosϕ (5.14)
γ
σσ′(1,1)
rr′ = δr,r¯′
|trefσ |
√
ΓσrΓ
σ
r′
πε
F (µr − µr′) cosϕ (5.15)
for U =∞. Here, r¯′ indicates the lead other than r′.
5.3 Results
5.3.1 Charge Current
The quantity that is directly measured in experiment is the charge current. As indi-
cated above, the total current can be split into three contributions: the current through
the reference arm in the absence of the quantum dot, I(0,2), the current through the
quantum dot in the absence of the reference arm, I(1,0) or I(2,0) (for scheme 1 and 2,
depending on the level position ǫ, respectively), and the interference term, I(1,1)(ϕ).
Only the last one depends on the Aharonov-Bohm phase ϕ.
Direct tunneling through the reference arm can be calculated with Fermi’s golden
rule and contributes to the current with
I(0,2) =
e2
π
V |tref |2, (5.16)
where V is the bias voltage applied between the ferromagnet and the normal conductor.
We now consider the transport through the quantum dot in the absence of the direct
interferometer arm. If the dot level lies in between the transport voltage deﬁned by
the Fermi energies of the electrodes then transport through the dot will be dominated
by ﬁrst-order tunneling, I(1,0), and we use scheme 1. We ﬁnd
I(1,0) = −2eΓFΓN
(
Γ− p2ΓF
)
Γ2 − p2Γ2F
[fF(ε)− fN(ε)] , (5.17)
for noninteracting electrons, U = 0, where fF/N is the Fermi function of the nor-
mal/ferromagnetic lead. For an inﬁnite interaction, U =∞, we obtain
I(1,0) = −2eA−1ΓFΓN [fF(ε)− fN(ε)]
[
ΓF
(
1− p2) (1− fF(ε)) + ΓN (1− fN(ε))] ,
(5.18)
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with
A = Γ2 − p2Γ2F − [ΓFfF(ε) + ΓNfN(ε)]2 + p2Γ2Ff2F(ε) .
If the dot level lies outside the energy window deﬁned by the Fermi energies of the
leads (|ε| ≫ max{kBT, |eV/2|}) then I(1,0) is exponentially suppressed and transport
through the dot is dominated by cotunneling, I(2,0). In this case, we employ scheme
2, see Sec. 5.2. In this regime the current for noninteracting electrons (U = 0) reads,
I(2,0) = e2
ΓFΓN
πε2
V . (5.19)
In the case of an inﬁnite Coulomb interaction on the dot (U = ∞) we have to
distinguish diﬀerent cases. For a dot-level position well above the Fermi energy of the
leads, ε > 0, the current through the quantum dot is the same as for noninteracting
electrons. The reason is that the dot is never doubly occupied anyway. In the opposite
case, ε < 0, we get
I(2,0) = e2
ΓFΓN
πε2
V
[
1 +
pm
1− exp(−eV/kBT )
]
, (5.20)
wherem is the spin accumulation on the dot, which depends on the transport direction.
In the regime of unidirectional cotunneling, |ε| ≫ |eV/2| ≫ kBT , it simpliﬁes to m = p
for transport from the ferromagnetic into the normal lead (V < 0) and m = −p for
the opposite transport direction (V > 0).
The ﬂux-dependent part is given by I(1,1)(ϕ) = I
(1,1)
even cosϕ+ I
(1,1)
odd sinϕ. For nonin-
teracting electrons, the coeﬃcients are
I
(1,1)
odd = 0 (5.21)
and
I(1,1)even = 2e|tref |
√
ΓNΓFσ(ε) (5.22)
with
σ(ε) =
1
π
Re
[∫
dω
fF(ω)− fN(ω)
ε− ω + i0+
]
,
independent of the polarization p.
For an inﬁnitely strong charging energy, both the contributions even and odd in the
ﬂux are present. They read in the sequential tunneling regime (scheme 1)
I
(1,1)
odd = 2eA
−2|tref |(ΓNΓF)3/2 (fF(ε)− fN(ε))2
×
{[
ΓF(1− p2)(1− fF(ε)) + ΓN(1− fN(ε))
]2 − Γ2N [p2 (1− f2N(ε))]} (5.23)
and
I(1,1)even = 2eA
−1|tref |
√
ΓNΓFσ(ε)
× {Γ2F(1− fF(ε))(1 − p2) + Γ2N(1− fN(ε))ΓFΓN (2− fF(ε)(1 − p2)− fN(ε)(1 + p2))} ,
(5.24)
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respectively.
In the cotunneling regime (scheme 2) the odd contribution drops out, I
(1,1)
odd = 0
while the even part is given by
I(1,1)even = −
e2V
πε
√
ΓFΓN|tref |(1 + pm) . (5.25)
The odd and even parts of the ﬁrst ﬂux dependent correction diﬀer in many respects.
The odd part I
(1,1)
odd describes transport processes where an electron cotunnels through a
lead.44 It only occurs for a nonvanishing Coulomb interaction. Figure 5.2 shows both
transport directions of I
(1,1)
odd as a function of the dot-level position ε for an inﬁnite
Coulomb interaction. The current has its maximum value where the dot level lies
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Figure 5.2: Odd part of the ﬁrst ﬂux dependent order of the current I
(1,1)
odd for polar-
ization p = 0.7 and Coulomb interaction U =∞ as a function of ε. In the
total current a negative bias voltage corresponds to a transport from the
ferromagnet into the normal conductor. The value of the parameters used
in the calculations are: ϕ = π/2, |tref | = 0.1, kBT = Γ, ΓF = ΓN = Γ/2.
between the chemical potential of the two leads. Beside this range the current decreases
exponentially.
Figure 5.3 shows I
(1,1)
even as function of dot-level position for vanishing and inﬁnite
Coulomb interaction. For an inﬁnite Coulomb interaction two diﬀerent lines are shown.
The red, dashed line is calculated by means of scheme 1 while the blue, dashed-dotted
line is obtained by means of scheme 2, see Sec. 5.2. Figure 5.3a) shows the current
of electrons from the ferromagnetic into the normal lead. For noninteracting electrons
the current I(1,1) is an odd function of the dot level position ε. The sign change around
ε = 0 relies on a phase shift of the transmission amplitude of the quantum dot. An
inﬁnite Coulomb interaction excludes the double occupation of the dot. Hence it has
a higher inﬂuence for negative than for positive values of ε. The transport from the
normal conductor into the ferromagnet is for ε < 0 strongly suppressed, see Fig. 5.3b).
Transport through the quantum dot is blocked by an accumulation of the minority
spin on the dot.
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Figure 5.3: Even part of the ﬁrst ﬂux dependent order of the current I
(1,1)
even for polariza-
tion p = 0.7 as a function of ε for vanishing (solid line) and inﬁnite Coulomb
interaction for two diﬀerent calculation schemes (see text). Scheme 1
(dashed line) is more accurate for ε & −max{kBT, |eV/2|} while scheme
2 (dashed-dotted line) is more accurate for ε ≪ −max{kBT, |eV/2|}. a)
Electrons are transported from ferromagnet into normal lead (eV = −15Γ).
b) Electrons are transported from normal lead into ferromagnet (eV =
15Γ). The value of the parameters used in the calculations are: ϕ = 0,
|tref | = 0.1, kBT = Γ, ΓF = ΓN = Γ/2.
What can we conclude from this for the fraction c of coherent transport through
a quantum dot? Not much, as long as the dot’s level is inside the energy window
of lowest-order transport. And even for the cotunneling regime, an interpretation
is diﬃcult for |eV/2| . kBT , i.e., when transport processes from source to drain are
partially compensated by processes from drain to source. For the further discussion, we
will, therefore, turn to the regime of unidirectional cotunneling, |ε| ≫ |eV/2| ≫ kBT .
We emphasize that our method is applicable to arbitrary values of U . For U = 0,
no spin-ﬂip processes occur since contributions with intermediate empty and double
occupation of the dot cancel out each other. As long as U ≪ min{|eV |, kBT} this
also holds for a ﬁnite U . In the opposite limit, U = ∞, double occupancy is fully
suppressed, and this cancellation does not occur anymore. This will remain true as
long as U ≫ max{|eV |, kBT} . Between these two limits there will be a smooth
crossover. Therefore, we focus on the limits U = 0 and U =∞ only. In particular we
will distinguish the four diﬀerent cases summarized in the Table 5.1. For reference, we
always compare to the non-interacting limit (case 1). For strong Coulomb interaction,
the dot level may either lie well above the Fermi level of the leads (case 2a), or it may
lie well below. In the latter case, the results will strongly depend on the polarity of the
applied transport voltage. Case 2b refers to the limit when electrons are transported
from the ferromagnet to the normal lead, and case 2c describes the opposite transport
direction.
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Table 5.1: The considered cases
case 1 U = 0
case 2a U =∞, ε≫ |eV/2| ≫ kBT
case 2b U =∞, −ε≫ |eV/2| ≫ kBT , F → N
case 2c U =∞, −ε≫ |eV/2| ≫ kBT , N → F
5.3.2 Fraction of Coherent Transport
How can the fraction of coherent transport be measured in an experiment? Coherence
can be tested by interferometry. We consider here an Aharonov-Bohm interferometer
in which a single-level quantum dot is embedded in one of the arms. Electrons entering
from the source electrode can either travel through the quantum dot or through the
direct arm to the drain. If no spin ﬂip occurs, there will be an interference of both
paths, which gives rise to a ﬂux-dependent current. The amplitude of the Aharonov-
Bohm oscillations relative to the ﬂux-averaged current contains information about the
degree of coherence.
There is, however, a major problem in quantitatively connecting the degree of co-
herence c and the visibility v. A quantum-dot Aharonov-Bohm interferometer probes
many diﬀerent transport channels, distinguished by the energy of the incoming elec-
tron, simultaneously. If for the participating electrons the transmission through the
quantum dot is strongly energy dependent, then the expected visibilities for the individ-
ual channels will be very diﬀerent from each other. This is the case, when the dot’s level
position lies inside the energy window deﬁned by the Fermi energies of the leads. For
establishing a connection between visibility and fraction of coherent transport, we need
to identify a situation in which for all participating electrons the transmission through
the dot is the same. This is possible in the cotunneling regime, i.e., when the energy
level of the quantum dot is outside this energy window, |ε| ≫ max{|eV/2|, kBT}. Fur-
thermore, for the case when the fraction of coherent transport depends on the transport
direction, we need |eV | ≫ kBT , i.e., unidirectional cotunneling, as an extra condition
to separate the two directions.
What do we expect for the fraction c of coherent transport in this regime of unidi-
rectional cotunneling from lead r to lead r¯? We assume that ﬂipping the spin in the
quantum dot provides the only source of decoherence. The coherence fraction c is the
ratio
c =
∑
χ γ
χχ(2,0)
r¯r P
(0,0)
χ∑
χ,χ′ γ
χχ′(2,0)
r¯r P
(0,0)
χ′
, (5.26)
with P
(0,0)
χ being the probability to ﬁnd the dot in state χ and γ
χχ′(2,0)
r¯r the transition
rate from initial dot state χ′ to ﬁnal dot state χ where an electron is transferred from
lead r to lead r¯. In the numerator, only rates are taken into account that do not change
the dot state. In particular, no spin-ﬂip processes are included. This contrasts with
the expression in the denominator, in which spin-ﬂip processes, i.e. χ = σ and χ′ = σ¯
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are taken into account.
In the limit of vanishing Coulomb interaction, U = 0 (case 1), no spin-ﬂip processes
occur, which yields c = 1. Now we consider the limit of strong Coulomb interaction,
U = ∞. If the dot’s level lies well above the Fermi energies of the leads, ε ≫ |eV/2|
(case 2a), then the dot will be predominately empty. Electrons passing through the
quantum dot cannot ﬂip their spin, and therefore c = 1. The situation becomes
diﬀerent for −ε ≫ |eV/2|. Then the dot is mostly singly occupied with either spin
with probabilities p↑ and p↓ (such that p
(0,0)
↑ + p
(0,0)
↓ = 1). If the electrons travel from
the ferromagnet to the normal lead (case 2b) we get c = (1+p2)/2. In the opposite case
(case 2c), transport from the normal lead to the ferromagnet, we get always c = 1/2
since an electron enters the dot from the normal lead and hence carries in one half of
the cases the same spin as the electron initially occupying the dot.
These results are given in the last column of Table 5.2. The remaining question
now is whether and how they are reﬂected in the visibility of the Aharonov-Bohm
oscillations.
5.3.3 Visibility
In the regime of unidirectional cotunneling, the leading order of transport through the
quantum dot is I(2,0). In this limit the transmission through the QD is for all energies
in good approximation the same. Furthermore, the sinϕ part of the current which
describes cotunneling through the lead but not through the quantum dot44 vanishes.
The total current then is
Itotal = I(2,0) + I(0,2) + I(1,1) = Iav (1 + v cosϕ) , (5.27)
where v is the visibility and Iav the ﬂux averaged current.
For the average current, measured in units of I0 = e
2V/π we ﬁnd
Iav
I0
=

|tref |2 + ΓFΓN
ε2
for cases 1,2a,2b
|tref |2 + (1− p2)ΓFΓN
ε2
for case 2c
. (5.28)
We express the visibility in terms of
v0 =
2
√
ΓFΓN
|ε| |tref |
|tref |2 + ΓFΓNε2
. (5.29)
We obtain
v
v0
=

1 for cases 1,2a
1 + p2
2
for case 2b
1
2
− p
2|tref |2
2|tref |2 + 2(1 − p2)ΓFΓNε2
for case 2c
. (5.30)
In the cases 1, 2a, and 2b, the visibility can be maximized by tuning |tref | to
√
ΓFΓN
|ε| .
Then, v0 = 1 and v = vmax, independent of the degree of spin polarization p. However,
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for the case 2c, the maximal visibility vmax can only be obtained by tuning |tref | in a
p-dependent way to
√
ΓFΓN
|ε|
√
1− p2. In this case vmax turns out to be vmax =
√
1−p2
2 .
The visibility of the total current is a quantity that can be measured in an experi-
ment. To what extent the visibility provides information about coherence of transport
is discussed in the next subsection.
5.3.4 Visibility versus Coherence
In order to investigate the measurability of coherence we compare the fraction c with
the maximal visibility vmax. Because coherence is an essential assumption for ﬂux de-
pendence in general c ≥ vmax. In the case of a vanishing Coulomb interaction (case 1)
or a very high dot’s level position (case 2a) vmax = 1 and, hence, c = 1, see Fig.5.4a).
If the dot level is very low and electrons are transferred from the ferromagnet into the
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Figure 5.4: Maximal visibility and coherent fraction of the total current for the two
diﬀerent transport directions.
normal conductor (case 2b) the coherent fraction c is equal to the maximal visibility
vmax, see Fig. 5.4b). For a vanishing polarization 1/2 of the electrons leaving the
source carry the same spin as the electron initially occupying the dot. Hence, in one
half of the cases the spin on the dot is not ﬂipped and transport is coherent. The
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higher the polarization the more electrons with majority spin take part in transport
and, thus, less spin-ﬂip processes take place.
For reversed transport voltages (case 2c) independent of the polarization one half of
the processes are coherent. The source is a normal lead and, hence, one half of the
electrons which tunnel onto the dot carry the same spin as the electron which initially
occupied the dot. On the other hand the visibility is low for a high polarization, see
Fig. 5.4(c), due to spin blockade on the dot. While transport through the reference
arm is spin independent transport through the quantum dot is not. This prevents the
possibility to tune the transmission through the reference arm and the transmission
through the quantum dot to the same value.
In all cases the maximal visibility is obtained by tuning |tref | to a certain value. While
in the cases 1, 2a and 2b this value is independent of the polarization p, in case 2c
|tref | has to be tuned in a p-dependent way, see Sec. 5.3.3.
Table 5.2: Summary of results
v/v0 vmax c
U = 0 1 1 1
U =∞, ε≫ |eV/2| ≫ kBT 1 1 1
U =∞, −ε≫ |eV/2| ≫ kBT ,F → N 1+p
2
2
1+p2
2
1+p2
2
U =∞, −ε≫ |eV/2| ≫ kBT ,N → F 12 − p
2|tref |2
2|tref |2+2(1−p2)ΓFΓN
ε2
√
1−p2
2
1
2
5.4 Conclusions
We have investigated the current through an AB interferometer coupled to one normal
and one ferromagnetic lead with a quantum dot embedded in one of the arms. In
particular we elucidated the inﬂuence of polarization on the visibility of transport and
studied the relation between visibility and coherence. We found that in the lowest ﬂux-
dependent order transport of noninteracting electrons is fully coherent and the maximal
visibility is 1. In the case of an inﬁnite intra-dot Coulomb repulsion the coherence as
well as the visibility of the current are strongly inﬂuenced by the polarization and
the transport direction. As long as no spin blockade on the dot occurs the maximal
visibility is equal to the coherent fraction of the current and can be obtained by tuning
the transmission through the reference arm |tref | in a p-independent way.
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Cooper-Pair Beam Splitter
The processes of charge transport through interfaces between superconductors and
normal conductors have been introduced in Sec. 2.3.1. In the present chapter we
mainly focus on crossed Andreev reﬂection (CAR), where a Cooper pair is formed by
two electrons stemming from diﬀerent normal conductors (or a Cooper pair breaks
up and two electrons are transferred into diﬀerent normal conductors in the opposite
transport process). The presence of CAR in quantum dots has been observed in ex-
periment.102,105 The setup consists of a superconducting lead tunnel coupled to two
parallel quantum dots and each of the two quantum dots is additionally coupled to
separate normal reservoirs, see Fig. 6.1. As a result the dependence of the current in
one arm of the beam splitter on the parameters of the other arm indicates the occur-
rence of CAR, see Sec 2.3.1. In this experiment a bias voltage is applied to generate
dc transport. Here, we propose to use adiabatic pumping in order to investigate fea-
tures of CAR, see Sec. 2.2. In the experiments performed so far, the CAR and AR
signals coexist. This happens even though strong Coulomb interaction within each dot
tends to suppress AR, therefore enhancing the visibility of CAR. Adiabatic pumping
requires two out-of-phase time-dependent parameters in order to obtain a ﬁnite dc
current. Choosing gates applied to the two dots, belonging to two diﬀerent arms of the
beam splitter, as pumping parameters, only transport mechanisms relying on nonlocal
correlations between the two arms contribute to the pumped charge. Therefore, such
a type of pumping cycle has the advantage with respect to biased transport that it
singles out CAR, while local eﬀects do not yield any ﬁnite dc current.
Theoretically, in noninteracting systems, the inﬂuence of the superconducting prox-
imity eﬀect on pumping was studied in Refs. 184–186. However, Coulomb interaction
cannot be neglected in the setup considered here. While pumping through a single
quantum dot with a superconducting lead was studied in the limit of zero tempera-
ture and inﬁnitely strong Coulomb interaction,187 in this chapter, we are interested
in systems in which Coulomb interaction can be arbitrary and where coupling to the
leads is weak. To this purpose we use the adiabatic extension of a generalized master
equation approach which has been introduced in Sec. 4.2. In the stationary limit the
generalized master equation approach has been applied to hybrid quantum dot systems
before.138, 139, 145, 150
The motivation of this chapter is to identify and understand CAR in adiabatic pump-
ing. To this purpose we investigate the setup depicted in Fig. 6.1. In the following
we will refer to it as NDSDN. Pumping is realized by applying time-dependent poten-
tials, namely one to each of the quantum dots, via gates with a phase-diﬀerence in the
driving. This gives us the possibility to identify unique features of crossed Andreev
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Figure 6.1: NDSDN setup: Two quantum dots are coupled to the same superconductor
and each dot is coupled to a normal conductor.
reﬂection in adiabatic pumping which rely on the nonlocality of the eﬀect and can - as
we show by a comparison with a setup with the superconductor replaced by a normal
lead (NDNDN) - not be reproduced by other parasitic nonlocal eﬀects mediated by
quasiparticles.
However, the complexity of this setup makes it diﬃcult to obtain compact analytic
formulae. Therefore, we additionally consider a quantum dot with Zeeman-split lev-
els, tunnel coupled to a ferromagnetic and a superconducting lead (FDS). In hybrid
systems containing ferromagnets, superconductors, and quantum dots the inﬂuence of
spin asymmetry on Andreev reﬂections has been investigated before.141–145, 188 In the
present work our motivation of considering the FDS setup is to get a better under-
standing of the transport processes in the NDSDN system because we can relate the
CAR in the NDSDN setup to AR in the FDS setup. The Zeeman splitting and the
polarization in the FDS setup corresponds to a diﬀerence of the two dot levels and
an asymmetry of the coupling to the two normal conductors of the NDSDN system,
respectively. From a theoretical point of view the main diﬀerence between the two
setups is the existence of triplet states in the NDSDN system. Experimentally, al-
though hybrid systems containing ferromagnets and superconductors are realizable,188
the time dependence of the transport channels through the dot are easier to control in
the NDSDN setup.
Most parts of this chapter have already been published in Ref. 112.
6.1 Model
The systems we consider are generally described by a Hamiltonian for a hybrid sys-
tem composed by multiple quantum dots tunnel coupled to both normal and super-
conducting leads. Each individual dot, labeled by the index j, is described by the
Anderson-impurity model with an onsite interaction Uintra and the level energy εjσ.
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The quantum dots are described by the Hamiltonian
Hdot =
∑
jσ
εjσ(t)njσ + Uintra
∑
j
nj↑nj↓ +
1
2
Uinter
∑
j 6=j′σσ′
njσnj′σ′ , (6.1)
which diﬀers from Eq. (2.6) by the existence of the inter-dot repulsion Uinter. Here,
we explicitly introduce the time-dependence of the dot levels, which is used to realize
the pumping cycles. The leads are described by the mean ﬁeld BCS Hamiltonian
Hr =
∑
kσ
εrkσc
†
rkσcrkσ − δrS
∑
k
(∆cr−k↓crk↑ + h.c.)
which has been introduced in Sec. 2.3.3. The second term is only present for the
superconducting leads and it is simply the attractive potential of the mean-ﬁeld BCS
Hamiltonian. We are using a gauge, where the superconductor has a vanishing chemical
potential and, therefore, Cooper pair operators do not enter Eq. (6.1). Without loss
of generality the pair potential ∆ can be chosen to be real, because we consider only
one superconductor. Finally, the dots are coupled to the diﬀerent leads by means of
the tunneling Hamiltonian
Htunn =
∑
rjkσ
trjc
†
rkσdjσ + h.c. . (6.2)
which is the same as in Eq. (2.8) with an additional summation over the diﬀerent
dots. Tunnel-coupling strengths are then deﬁned as Γr,j,σ = 2π|trj |2ρr,σ. Notice that
no inter-dot tunneling is included in the model. Finally, the total Hamiltonian for this
type of hybrid system can be written as H = Hdot +Htunn +
∑
rHr.
6.1.1 Double-Dot Device
The main focus of this work is on the parallel double-dot device shown in Fig. 6.1, that
is ideal for studying Cooper-pair splitting. It is composed of two quantum dots which
are tunnel coupled to diﬀerent normal conductors but the same superconducting lead.
We will refer to it as to the NDSDN system, where N indicates a normal lead, S a
superconducting lead and D a quantum dot. The Hamiltonian of the NDSDN system is
obtained from the general Hamiltonian of the previous subsection by having j ∈ {L,R},
r ∈ NL, NR, S and ΓNL ≡ ΓNL,L, ΓNR ≡ ΓNR,R, ΓS,j as spin-independent tunnel-
coupling strengths. With this we deﬁne ΓN ≡ ΓNL + ΓNR . Furthermore, electrons
cannot tunnel from the left (right) quantum dot to the right (left) normal conductor,
i.e., tNR,L = tNL,R = 0. For the double-dot system we assume the dots’ levels to be
spin degenerate, that is εj↑ = εj↓ = εj , the Coulomb repulsion within one dot to be
inﬁnite Uintra →∞, and a ﬁnite inter-dot interaction Uinter ≡ U . The limit Uintra →∞
excludes the possibility of double occupation of the same dot and, therefore, only CAR
and no local AR appears. As independent pumping parameters we choose the two spin-
degenerate dot levels, {εL, εR}, which can be varied by means of gate voltages. This
system will be contrasted to the system with the lead S in its normal state, which is
referred to as NDNDN and in which we take r ∈ NL, NR, Nc.
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6.1.2 Single-Dot Device
In order to identify the processes relevant for pumping, we consider a single-level
quantum dot tunnel coupled to a ferromagnet and a superconductor (FDS), which
having a smaller Hilbert space allows for a simpler analysis. The Hamiltonian of
the single-dot system is obtained from the general Hamiltonian considering only one
dot (we consistently drop the index j) and two leads: r ∈ F, S. The ferromagnet
is described by the Stoner model which induces Γ↑ 6= Γ↓. The nonvanishing tunnel-
coupling strengths are: ΓF and ΓS . The pumping cycle in this case is realized by
varying independently the two spin-split levels ε↑, ε↓. This can be done by means of a
time-dependent gate voltage and magnetic ﬁeld.
6.1.3 Large-∆ Limit
In the ∆→∞ limit quasi-particle transport in the superconducting lead is suppressed
and an eﬀective description of the dot that takes into account Andreev tunneling can
be obtained by integrating out the superconducting degrees of freedom.141,150, 189–192
Here we will discuss the resulting eﬀective Hamiltonian only for the NDSDN system.
The one for the FDS system is completely analogous. The eﬀective Hamiltonian in the
limit Uintra →∞ reads150
Heff =
∑
jσ
εjnjσ + U
∑
σσ′
nLσnRσ′ +
1
2
ΓS
(
d†R↑d
†
L↓ − d†R↓d†L↑ + h.c.
)
(6.3)
with ΓS =
√
ΓSLΓSR being the eﬀective coupling. The eigenstates are |χ〉 ∈ {|+〉 , |−〉 ,
|σ, 0〉 , |0, σ〉 , |T−1〉 , |T0〉 , |T1〉} , where |σ, 0〉 (|0, σ〉) corresponds to the left (right) dot
being singly occupied with spin σ and the right (left) dot being empty. The triplet
states are |T−1〉 = |↓, ↓〉, |T0〉 = (|↓, ↑〉 + |↑, ↓〉) /
√
2 and |T1〉 = |↑, ↑〉. The tunnel-
coupling to the superconductor leads to eigenstates that are coherent superpositions
of the state with both dots empty |0〉 and the singlet state |S〉 = (|↓, ↑〉 − |↑, ↓〉) /√2,
|±〉 = 1√
2
√
1∓ δ
2εA
|0〉 ∓ 1√
2
√
1± δ
2εA
|S〉 , (6.4)
where δ ≡ εL + εR + U is the detuning between the empty state and the singlet
and 2εA ≡
√
δ2 + 2Γ2S is the energy splitting between the |+〉 and |−〉 states. The
corresponding eigenenergies are E± = δ2 ± εA, E(σ,0) = εL, E(0,σ) = εR, and ET−1 =
ET0 = ET1 = εL + εR +U . In the FDS setup the eigenenergies and eigenstates are the
same except that L and R are replaced by ↑ and ↓, respectively, the triplet states do
not exist, the singlet state |S〉 is replaced by a double occupation |d〉 = d†↑d†↓ |0〉 of the
dot, and 2εA ≡
√
δ2 + Γ2S .
6.2 Method
In order to calculate the pumped charge we use the real-time approach to adiabatic
pumping, which has been introduced in Sec. 4.2. Here, we brieﬂy review the most
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important formulae without going to much into detail. On top of the adiabatic expan-
sion we perform a systematic expansion in the weak tunnel-coupling strengths between
normal conductor and leads, ΓN < kBT , of the kernel and the reduced density matrix,
taking into account tunneling processes up to ﬁrst order in ΓN . Tunneling processes
between the dots and the superconductor are taken into account exactly by means of
the eﬀective Hamiltonian. Orders in the perturbation expansion in the tunnel cou-
pling are denoted by numbers in the superscript. The instantaneous and the adiabatic
contributions to the reduced density matrix are determined by
0 =
(
−iE(t) +W(i,1)t
)
pi
(i,0)
t (6.5)
d
dt
pi
(i,0)
t =
(
−iE(t) +W(i,1)t
)
pi
(a,−1)
t (6.6)
together with the normalization condition npi
(i,0)
t = 1 and npi
(a,−1) = 0. The rates
W
(i,1)
t between diagonal elements of the reduced density matrix can be obtained by
means of Fermi’s Golden Rule. Solely for the ones connecting oﬀ-diagonal elements
this is not suﬃcient and one has to resort to a diagrammatic method whose rules are
presented in Appendix A. In general, oﬀdiagonal elements of the reduced density ma-
trix, pχχ′ , enter Eqs. (6.5) and (6.6). However, we assume weak coupling to the normal
conductors ΓN ≪ kBT, εA, where for the FDS as well as the NDSDN setup the oﬀdiag-
onal elements of the reduced density matrix are decoupled from the diagonal ones.193
As we are interested in the diagonal elements, needed for the computation of the cur-
rent, we can therefore disregard the oﬀdiagonal ones. Solely in the NDNDN setup the
dynamics of the oﬀdiagonal elements p
(σ,0)
(0,σ) and p
(0,σ)
(σ,0) are coupled with the dynamics of
the occupation probabilities. In the NDNDN system, where also oﬀdiagonal elements
of the reduced density matrix contribute, we assume ∆ε = εL − εR ≈ ΓN and E as
well as W
(i,1)
t have to be of the same order in the small parameter ΓN ≃ ∆ε.194, 195
In a similar way, one can write rate equations for the expectation value of the current
into lead r. The instantaneous contribution to the current is
I(i)r (t) = enW
r,(i)
t pi
(i)
t , (6.7)
which we consider in ﬁrst order in the tunnel coupling, only. From Eq. (6.7), we
derive the conductance, which is given by G = (dI(i,1)/dV )|V =0, with V being the bias
voltage. The instantaneous current vanishes exactly in the absence of an applied bias.
The adiabatic correction to the current is then the dominant one and it is given by
I(a,0)r (t) = enW
r,(i,1)
t pi
(a,−1)
t . (6.8)
We are interested in the charge transferred into lead r per cycle of the parameter
variation. This is found by integrating the current over one period
QrX1,X2 =
∫ 2pi/Ω
0
dtI(a,0)r (t). (6.9)
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In the following we consequently drop the index r if the pumped charge corresponds
to the superconductor, QX1,X2 ≡ QSX1,X2 . Two time-dependent parameters are neces-
sary to create a nonvanishing pumped charge. We indicate the parameter choice in the
subscript. The pumping parameters can be written as Xi(t) = Xi + δXi(t), where Xi
is the mean value and δXi(t) the oscillating component. We concentrate on the limit
of weak pumping, that is, the oscillating component is small compared to the tunnel
coupling δXi(t) ≪ ΓN . Therefore, we only account for terms up to bilinear order in
δXi(t) and the pumped charge is proportional to ηX1,X2 ≡
∫ 2pi/Ω
0 dtδX1(t)
d
dtδX2(t).
6.3 Results
Using the eﬀective Hamiltonian and performing the perturbation expansion as pre-
sented in the previous section we calculate the pumped charge in lowest order in ΓN
or ΓF , respectively. Close to the dot levels being at resonance, the lowest order pro-
cesses are the dominant ones and cotunneling processes can safely be neglected. Before
tackling the more complicated problem of CAR, we will ﬁrst study the FDS system,
in order to understand the features of local AR in adiabatic pumping and to identify
the diﬀerent transport processes occurring in this simple setup. For this setup, we
also examine the inﬂuence of cotunneling processes on the pumped charge far from
resonance (Coulomb-blockade regime), which are important when the interaction U
becomes much larger than the temperature. In Sec. 6.3.2, we discuss how adiabatic
pumping provides the possibility to study CAR. To this end, we ﬁnally compare the
NDSDN setup with the NDNDN setup.
6.3.1 Local Andreev Reflection
In this subsection we consider adiabatic pumping through the FDS setup. We choose
the dot-level positions for electrons with diﬀerent spins ε↑(t) and ε↓(t) to be the pump-
ing parameters. Such a situation can be realized by a time-dependent gate voltage and
a time-dependent magnetic ﬁeld, the latter introducing a time-dependent Zeeman split-
ting. This choice of pumping parameters is convenient here as it allows for a direct
comparison with a double dot in the absence of a magnetic ﬁeld, in which gate voltages
applied to the two dots are independently modulated. Pumping is possible whenever
the polarization of the leads or the average level splitting ∆ε ≡ ε↑ − ε↓ are nonvanish-
ing. To get a better understanding of the transport properties we ﬁrst focus on two
diﬀerent limits: a vanishing polarization (p = 0) and a vanishing average level splitting
(ε↑ = ε↓). We start with the case of a vanishing polarization and a ﬁnite level splitting.
For the pumped charge we ﬁnd
Qε↑,ε↓(p = 0) ≈ −
eηε↑,ε↓Γ
2
S[
Γ2S + (U + ε↑ + ε↓)2
] 3
2
× f(E− − ε↑)f
′(E− − ε↓)− f(E− − ε↓)f ′(E− − ε↑)[
f(E− − ε↑) + f(E− − ε↓)− f(E− − ε↑)f(E− − ε↓)
]2 (6.10)
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with f ′(x) = ddxf(x) being the derivative of the Fermi function. We made use of the
approximation f(E+− ε↑) ≈ f(E+− ε↓) ≈ 0 and f(ε↑−E+) ≈ f(ε↓−E+) ≈ 1, which
is justiﬁed for ΓS > kBT . Equation (6.10) shows that the pumped charge vanishes for
an average Zeeman splitting equal to zero, that is ε↑ = ε↓.
In Fig. 6.2a), we show the pumped charge Qε↑ε↓, without the approximation on the
Fermi functions used to write Eq. (6.10), as function of the average value of the mean
dot level ε ≡ (ε↑ + ε↓)/2.
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Figure 6.2: FDS setup: Pumped charge Q ≡ Qε↑,ε↓ in units of Q0 =
eηε↑,ε↓
(kBT )
2 as a
function of the average dot level ε. The parameters in all ﬁgures are ΓS =
4kBT and U = 10kBT .
The pumped charge exhibits a three-peak structure. The two external peaks are
observed when the dot is in resonance with the normal lead, that is, when the addition
energy for a single electron equals the chemical potential. This is realized for E−−εσ =
0. Since we consider Zeeman splitting ∆ε being larger than kBT (with ε↓ being the level
with the lower energy), only the resonance E− − ε↓ = 0 is accessible due to Coulomb
blockade. The other Andreev bound state, with energy E+, is only accessible in the
high-bias or high temperature regime. The two resonances associated to the condition
E− − ε↓ = 0 are at the two positions, εmax,1± ≈ 12(−U ± [(U + |∆ε|)2 − Γ2S ]1/2).
The central peak appears when the dot is in resonance with the superconductor,
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that is, the average dot level is εmax,2 ≈ −U/2 which is realized for δ < ΓN . In
this case the dot undergoes fast oscillations between the empty and doubly-occupied
state due to coherent Cooper-pair transfer. In particular these oscillations are much
faster than tunneling events of single particles between the normal conductor and the
dot. However, transport requires exchange of charge both with the normal and the
superconducting leads. Therefore, increasing the Coulomb repulsion U leads to an
overall suppression of the pumped charge. The three peaks are not suppressed in the
same manner. The side peaks are suppressed by the factor
[
1 + (U + ε↑ + ε↓)2/Γ2S
]− 3
2 ,
appearing in Eq. (6.10). Instead the central peak is suppressed by the combination of
Fermi functions in Eq. (6.10).
We now focus on the limit of a vanishing average level splitting (∆ε = 0) and a ﬁnite
polarization. The pumped charge is then given by
Qε↑,ε↓(∆ε = 0) ≈
4eηε↑,ε↓p
(
1− p2)Γ2Sδ
kBT
[
Γ2S + (1− p2)δ2
]2 · 1− f(E− − ε)2− f(E− − ε) (6.11)
approximating the Fermi functions as done above. We ﬁnd that the pumped charge is
an odd function of δ, therefore vanishing at the electron-hole symmetric point. The full
result for the pumped charge at zero average detuning, ∆ε = 0, is shown in Fig. 6.2b).
As shown in Eq. (6.11), the pumped charge vanishes at ε = −U/2. However, we ﬁnd
a peak-trough structure, that is, the maximum contribution to the pumped charge
appears in two peaks, close to ε ≈ −U/2, with opposite sign. As argued above this
relies on fast Cooper-pair oscillation. The amplitude of the pumped charge is much
larger than in Fig. 6.2a) and strongly depends on the polarization of the leads: the
stronger the polarization the larger the amplitude. Furthermore, the pumped charge,
in the vicinity of the electron-hole symmetric point is not suppressed by the strong
Coulomb repulsion. We will address this, when discussing the cotunneling regime.
Instead of giving the lengthy expression of the pumped charge for a ﬁnite average
level splitting, ∆ε 6= 0, and a ﬁnite polarization, p 6= 0, we show it in Fig. 6.2c) as a
function of the average dot level. The shape is a combination of the two structures
shown in Figs. 6.2a) and 6.2b). We ﬁnd that the eﬀect for the ﬁnite polarization
dominates. Therefore, the peaks around ε ≈ −U/2 with opposite sign are the main
feature to identify the proximization of the dot.
When lowering the temperature, the height of the peak-trough structure increases
with inverse temperature, that is, it becomes more and more pronounced. This result
can, however, only be trusted as long as temperature is still large enough such that all
charge states are thermally occupied. In the Coulomb-blockade regime, U ≫ kBT and
δ ≡ ε↑+ε↓+U ≈ kBT , when the sequential tunneling rates to reach an empty or doubly-
occupied dot are exponentially small, higher-order processes such as cotunneling need
to be taken into account. To compare with the result presented in Eq. (6.11), we
analyze the pumped charge in the cotunneling regime. For this, we ﬁrst of all note
that Eq. (6.6) looses its validity in the Coulomb-blockade regime, since the rates W (i,1)
get exponentially suppressed, while - in contrast to situations where the magnetic
ﬁeld is constant80 - the time-derivative of the instantaneous occupation probabilities,
d
dtp
(i,0)
t,σ , of single occupation with spin σ do not. The time-evolution of the probabilities
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of single occupation is then governed by spin-ﬂip processes in second order in the
tunneling, W
(i,2)
t,↓↑ , entering Eqs. (6.6) and (6.8) together with adiabatic corrections to
the probability in minus second order in Γ, p
(a,−2)
t,σ . However, since U ≫ kBT and
δ ≈ kBT results in an exponential suppression of ddtp
(i,0)
t,± , also the elements p
(a,−2)
t,± are
suppressed and will not enter the current in the Coulomb blockade regime. For the
calculation of the cotunneling rates we follow the procedure introduced in Refs. 181,182
for metallic islands and applied for single-level quantum dots, for example, in Ref. 183.
In contrast to Eq. (6.8) in the cotunneling regime the current is then
I
(a,0)
F (t) = e
[
W
F,(i,2)
t,↓↑ p
(a,−2)
t,↑ +W
F,(i,2)
t,↑↓ p
(a,−2)
t,↓
]
, (6.12)
which is nonvanishing due to p
(a,−2)
t,↑ = −p
(a,−2)
t,↓ and W
F,(i,2)
t,↓↑ = −W
F,(i,2)
t,↑↓ . Due to
charge conservation, Qε↑,ε↓ = −QFε↑,ε↓, the charge pumped into the superconductor is
found as
Qε↑,ε↓ ≈ −
3eπ2kBTηε↑,ε↓Γ
2
Sp
(
1− p2) δ (Γ2S + δ2 − U2)[
(1 + p2)π2(kBT )2Γ
2
S +
3
32(1− p2)
(
Γ2S + δ
2 − U2)2]2 , (6.13)
where we used ∆ε/U ≪ 1. The qualitative behavior of the pumped charge in the
cotunneling regime strongly diﬀers from the sequential tunneling regime. For strong
Coulomb interaction, in the cotunneling regime transport is suppressed with 1/U6. To
ﬁnd a possible explanation for this suppression we focus on the transport processes
during one pumping cycle. Consider the following process where a net transport is
obtained in the cotunneling as well as in the sequential tunneling regimes: An elec-
tron tunnels from the ferromagnet onto a singly occupied dot. The dot is then, for
example, in state |−〉. To obtain a net transport another electron has to tunnel from
the ferromagnet onto the quantum dot bringing it back into single occupation which
is possible due to Cooper-pair oscillations. A comparison of the system’s time scales
for the two regimes might shed light on the origin of the suppression of the pumped
charge. In the sequential tunneling regime the time between two single-electron trans-
port processes scales with 1/ΓN . In the cotunneling regime the intermediate state can
only be virtually occupied due to energy conservation and hence the time between
two tunneling events scales with 1/U . In the considered limit of large U ≫ kBT and
small ΓN ≪ kBT , Cooper-pair oscillations are fast compared to the time between two
tunneling events in the sequential but slow in the cotunneling regime. This gives an
interpretation of the suppression of the pumped charge in the cotunneling regime.
6.3.2 Crossed Andreev Reflection
We now consider a system made out of two quantum dots each coupled to one normal
conducting lead. The two QDs are then coupled to each other via a common super-
conducting lead, see Fig. 6.1. We take the pair potential in the superconducting lead
to be the largest energy scale (∆ → ∞), such that single-particle transport between
superconductor and QDs is suppressed. Furthermore, we take the intra-dot Coulomb
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repulsion (Uintra → ∞) to be large excluding double occupation of each of the single
dots, as discussed in Sec. 6.1.3. In this regime, only nonlocal eﬀects enable transport
between the superconductor and the dots, that is a Cooper pair has to be split into
two electrons occupying diﬀerent dots or electrons from diﬀerent dots enter the super-
conductor to form a Cooper pair.
We now calculate the charge pumped through the system due to the periodic modu-
lation of the dot levels εL(t) and εR(t), which can be achieved by two time-dependent
gate voltages. We are interested in the charge, QεL,εR, pumped into the superconduct-
ing lead, which due to charge conservation and to the fact that only CAR is allowed
is twice the charge pumped out of each normal lead.
In Figs. 6.3a) and 6.3b) we show QεL,εR as a function of ε for diﬀerent values of
∆ε and for diﬀerent coupling asymmetries with the normal conducting leads, λ =
(ΓNL − ΓNR)/ΓN , respectively. Features appear at the resonance condition with the
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Figure 6.3: NDSDN setup: Pumped charge Q ≡ QεL,εR in units of Q0 =
eηεL,εR
(kBT )
2 as a
function of the average dot level ε. The parameters are ΓS = 3kBT and
U = 10kBT .
normal and superconducting leads, that are equivalent to the one in the FDS case with
Zeeman splitting replaced by the diﬀerence of the energy levels of the left and right
dots and the polarization p replaced by coupling asymmetry λ. If the couplings to
the normal leads are symmetric, λ = 0, the charge as a function of the average mean
dot level position ε, shows three peaks similarly to the FDS case. In this respect,
CAR exhibits similar features to AR through the single dot. The main diﬀerence
between the two is the asymmetry in the heights of the external peaks which can be
attributed to the triplet blockade discussed in Ref. 150. Since the proximization by
the superconductor solely causes a coupling between the empty and the singlet state,
Cooper-pair tunneling is blocked whenever the dot is in the triplet state. In the FDS
setup the symmetry of the two external peaks can be related to particle-hole symmetry
which is broken by this triplet blockade in the NDSDN structure.
As in the FDS with ﬁnite polarization, also in the NDSDN the scenario changes
completely in the asymmetric-coupling case (λ 6= 0). In this case the peak at ε = −U/2
is replaced by a large peak-trough structure. Interestingly, this feature dominates the
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external peaks which are barely visible in Fig. 6.3b). The position of the maxima
and minima of this feature are exchanged when reversing the coupling asymmetry
(λ→ −λ).
However, in the linear conductance, the coupling asymmetry does not introduce any
new feature, as shown in Fig. 6.4, where for diﬀerent coupling asymmetries only the
weight of the three peaks is inﬂuenced and not their polarity. Furthermore, the central
peak is strongly suppressed. That means that the characteristic features of CAR in
adiabatic pumping are not present in the linear conductance. As we will see in the
next subsection these features are fundamental to distinguish single-particle transport
from CAR.
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Figure 6.4: NDSDN setup: Linear conductance as a function of the average dot level
ε for diﬀerent coupling asymmetries λ. The parameters are ΓS = 3kBT ,
ΓN = kBT , U = 10kBT , and ∆ε = kBT .
6.3.3 Single-Particle Transport
A ﬁnite pumped charge can be obtained by varying in time the properties of the
two spatially-separated dots exclusively by nonlocal correlations. CAR has such a
nonlocal character. However, there may be other nonlocal eﬀects that can produce a
ﬁnite pumped charge and, thus, mask the signal from CAR. In order to distinguish
CAR from other nonlocal transport processes, we investigate single-particle transport
in a NDNDN setup, where the superconductor in the NDSDN setup is replaced by a
normal conductor. While in the NDSDN setup the nonlocality arises from CAR, in the
NDNDN setup pumping is possible due to the formation of a coherent superposition
of states with one electron either in the left or the right dot. This superposition is
generated by the tunnel coupling to the common normal lead. In contrast to the
NDSDN setup, the coherent superposition is strongly suppressed if the diﬀerence of
the two dot levels is large compared to temperature (|∆ε| ≫ kBT ).
Furthermore, in the NDSDN setup pumping cannot lead to an average charge trans-
fer from the left into the right normal lead (and vice versa) because transport through
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Figure 6.5: NDNDN setup: Pumped charge Q ≡ QNcεL,εR in units of Q0 =
eηεL,εR
(kBT )
2 as
a function of the average dot level ε for diﬀerent coupling asymmetries λ.
The other parameters are ΓNc,L = 0.4kBT , ΓNc,R = 0.2kBT , ΓN = 0.1kBT ,
U = 10kBT , and ∆ε = kBT .
the superconductor always involves CAR in the inﬁnite-∆ limit. Instead, in the ND-
NDN setup, charge can also be transferred from the left lead NL to the right lead NR.
Therefore an asymmetry of transport into lead NL and into lead NR is one possible
indication for single-particle transport.
The motivation of this work is the identiﬁcation of CAR with respect to quasi-
particle transport in form of an easily detectable signature in the pumped charge. We
ﬁnd this to be the peak-trough structure at ε = −U/2 that appears in the presence
of a coupling asymmetry. In single-particle transport, modeled by the NDNDN setup,
this feature is completely absent and only the peaks at the normal resonances appear,
see Fig. 6.5. These normal resonances also have opposite signs, which cannot be
reversed by changing the coupling asymmetry. Also in the very special situation of a
symmetric coupling (λ = 0) CAR can be distinguished from single-particle transport
by the presence of the peak at ε = −U/2. Therefore, an experimental study of the
pumped charge in the double-dot system as a function of λ as well as its behavior
around ε ≈ −U/2 can clearly distinguish CAR from quasiparticle transport.
6.4 Conclusions
We have investigated adiabatic pumping through two quantum dots tunnel coupled
to the same superconductor and additionally coupled to diﬀerent normal conductors.
For an inﬁnite intra-dot Coulomb repulsion in this setup pumping relies on CAR. In
order to understand the underlying transport processes we mapped the setup to the
simpler setup of a quantum dot tunnel coupled to a ferromagnet and a superconductor
where only AR appears. We found that most of the features of pumping including
CAR are also present in pumping with local AR. The main diﬀerence are asymmetries
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due to the presence of the triplet state. To distinguish CAR from single-electron
tunneling, which does not appear in our model but might be relevant in experiments,
we compare transport through the double-dot setup containing a superconductor with
a setup where the superconductor is replaced by a normal conductor. The dependence
on the average dot-level position and the dependence on the coupling asymmetry λ
turn out to be the main distinguishing features.
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7 AC Josephson Transport through
Interacting Quantum Dots
Josephson junctions are formed in diﬀerent ways. Two superconductors can be linked
by an insulator, a normal conductor, or a constriction in an otherwise continuous su-
perconducting material.151, 152 Advancements in nanofabrication even enabled to con-
tact superconductors with quantum dots (QDs), which can be formed in carbon nan-
otubes,97–102 in InAs nanowires,103–105 in graphene,106 or by means of self-organization
in InAs with Al electrodes.107–109 There are several motivations to investigate such
devices.110, 111 The interplay of strong Coulomb repulsion and superconducting cor-
relations provide a large variety of physical eﬀects. Furthermore, the discrete en-
ergy levels of the QD can be tuned by external electrodes creating diﬀerent transport
regimes. In junctions where a quantum dot is contacted to two superconductors (S-
QD-S) diﬀerent transport processes appear. In the absence of any bias voltage the
only mechanism leading to transport is the DC Josephson eﬀect. In the noninter-
acting case it can be studied, e.g., by a scattering approach.196 But also Coulomb
repulsion has been included by many diﬀerent formalisms as a perturbation expan-
sion in the tunneling Hamiltonian138, 139, 153, 154 and in the Coulomb repulsion,197, 198 a
mean-ﬁeld approach,199 quantum Monte-Carlo simulations,200 a renormalization group
technique,201 or the numerical diagonalization of an eﬀective dot Hamiltonian.190–192
In the context of the DC Josephson eﬀect it has been theoretically predicted153, 154
and experimentally conﬁrmed100, 103 that the two electrons forming a Cooper pair can
tunnel coherently one by one through a strongly interacting quantum dot.
Applying a ﬁnite bias voltage complicates the problem. A DC signal is sustained
by quasiparticle tunneling and (multiple) Andreev reﬂection. Furthermore, the AC
Josephson eﬀect gives rise to a time dependent signal. The stationary current has
been investigated also for a nonvanishing Coulomb repulsion by focusing on single-
quasiparticle tunneling,128–130 within a slave boson mean-ﬁeld approximation,99, 131 or
a perturbation expansion in the Coulomb repulsion.132 Multiple Andreev reﬂection
processes not only give rise to a stationary current but also lead to higher harmonics
contributing to the AC Josephson transport. The ﬁrst quantitative description in-
cluding this interplay has been investigated in quantum point contacts by means of
a scattering approach.202, 203 In a noninteracting quantum dot the dependence of the
bias voltage on the diﬀerent harmonics has also been studied.204 The used formalism
has been a general Hamiltonian approach applied to this noninteracting system. In a
S-QD-S setup where a normal conductor is additionally coupled to the QD dephasing
eﬀects have been investigated.205 It has been observed that for a gradually increasing
coupling to the normal conductor the AC signal decreases. To this end, a Keldysh
formalism has been applied to a noninteracting system. Further works deal with the
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time evolution of the current after switching on a ﬁnite bias voltage.206, 207
Since Coulomb repulsion plays an important role in transport through quantum dots
the motivation of this work is to investigate the AC Josephson eﬀect through quantum
dots where the Coulomb repulsion is taken into account in a nonperturbative way.
To this end, we introduce a real-time diagrammatic approach, where a perturbation
expansion in tunnel coupling is performed. It can be understood as extension to the
DC formalism presented in Ref. 139. We apply this formalism to a three-terminal
geometry consisting of a strongly interacting quantum dot, which is tunnel coupled to
two superconductors and one normal conductor, see Fig. 7.1 To sustain (DC and AC)
S1 S2QD
N
µS1 µS2
µN
Figure 7.1: A normal conductor additionally coupled to the S-QD-S setup.
Josephson transport through the QD in ﬁrst order in the tunnel-coupling strengths,
superconducting correlations must be induced on the QD by the proximity of the super-
conducting leads. We ﬁnd that a large AC signal between QD and one superconducting
lead requires a large proximization of the QD by the other superconducting lead which
can be achieved by tuning the gate voltage accordingly. Another possibility to tune
the AC Josephson eﬀect is to apply a ﬁnite bias voltage to the normal lead. We discuss
the amplitude of the AC components of the current between the superconductors as a
function of the gate and bias voltages.
7.1 Model
The system under consideration is decomposed by a quantum dot tunnel coupled to
two superconducting and one normal conducting leads. The diﬀerent building blocks
have been introduced in previous chapters in detail. Here, we brieﬂy review the most
important parts. The quantum dot is assumed to accommodate one spin-degenerate
level ε. It is described by the Anderson impurity model,
Hdot = ε
∑
σ
d†σdσ + Un↑n↓ ,
which has already been presented in Eq. (2.6).
The superconductors are modeled by the mean-ﬁeld BCS Hamiltonian, which has
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been introduced in Sec. 2.3.3. It is given by
Hmf-BCSr =
∑
k,σ
εkc
†
rkσcrkσ −∆∗r
∑
k
S†rcr−k↓crk↑ −∆r
∑
k
Src
†
r−k↑c
†
rk↓ .
In order to diagonalize this Hamiltonian, we perform a Bogoliubov transformation, see
Sec. 2.3.3. The normal conductor’s Hamiltonian is described by the ﬁrst term of the
mean-ﬁeld BCS Hamiltonian, see Eq. (2.7). As presented in Eq. (2.8) the tunneling
Hamiltonian reads
Htun =
∑
rkσ
trc
†
rkσdσ +H.c. .
Finally, the total Hamiltonian is given by H = Hdot +Htun +
∑
rHr.
7.2 Method
In Ref. 139 a real-time diagrammatic approach to the stationary transport through
heterostructures, where a quantum dot is tunnel coupled to normal conductors and
superconductors, is introduced. Here, we give a brief review of this formalism and
present an extension also allowing for the AC Josephson transport. For simplicity we
focus on a setup containing two superconductors. The system under consideration can
be divided into three subsystems, the dot, the fermionic states of the leads, and the
Cooper pair condensates in the superconductors. Since we are not interested in the
fermionic dynamics of the leads, we can trace out their degrees of freedom and arrive
at a reduced density matrix for the remaining part, i.e., the dot’s degrees of freedom
and the Cooper pair condensates. Its elements are given by P ξ1ξ2 ≡ 〈ξ1|ρred |ξ2〉, where|ξ〉 ≡ |χ, {nS1, nS2}〉 includes the dot state χ = 0, ↑, ↓, d as well as the number of Cooper
pairs in the two superconductors, nS1 and nS2, measured relative to an arbitrary but
ﬁxed reference. The diagonal elements Pξ ≡ P ξξ give the probability to be in state
ξ. The states ξ1 and ξ2 in P
ξ1
ξ2
provide more information than is needed to study the
electric transport. In fact, only the diﬀerences of the Cooper pair numbers of the states
|ξ1〉 and |ξ2〉 are important. Moreover, particle number conservation sets a constraint
that the total number of electrons in |ξ1〉 has to be the same is in |ξ2〉. For convenience,
we deﬁne
Pχ1χ2 ({nS1, nS2}) ≡
∑
mS1,mS2
P
(χ1,{mS1+nS1,mS2+nS2})
(χ2,{mS1,mS2}) . (7.1)
As a consequence of particle conservation, nS2 is a unique function of χ1, χ2, and nS1.
It is, therefore, enough to keep track of the Cooper pair number n of one lead only. We
choose here lead S1, i.e., n = nS1, and introduce the deﬁnitions Pχ(n) ≡ Pχχ ({n,−n}),
P d0 (n) ≡ P d0 ({n,−n− 1}), and P 0d (n) ≡ P 0d ({n,−n+ 1}).
Finally, we collect all the nonvanishing elements of the reduced density matrix in the
vector pi(n) ≡ (P0(n), P↑(n), P↓(n), Pd(n), P d0 (n), P 0d (n))T . Its dynamics are governed
by the generalized master equation
d
dt
pi(n)(t) + iEnpi(n)(t) =
∑
n′
t∫
−∞
dt′W(n, n′)(t, t′)pi(n′)(t′) , (7.2)
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where the matrix elements of the kernel W
χ1χ′1
χ2χ′2
(n, n′)(t, t′) are the transition rates from
an initial state at time t′ described by Pχ
′
1
χ′2
(n′)(t′) to a ﬁnal state at time t described by
Pχ1χ2 (n)(t). For the kernel we have introduced a notation analogous to the one adopted
for the reduced density matrix:
W
χ1χ′1
χ2χ′2
(nS1, n
′
S1)(t, t
′) ≡W χ1χ′1χ2χ′2 ({nS1, nS2}, {n
′
S1, n
′
S2})(t, t′), where the excess number
of Cooper pairs in the superconductor S2 is ﬁxed by particle conservation. We get
nS1 + nS2 to be equal to 0 for χ1 = χ2, equal to −1 for [χ1 = d, χ2 = 0], and equal to
+1 for [χ1 = 0, χ2 = d]. In a similar way, n
′
S2 is determined in terms of n
′
S1, χ
′
1, and χ
′
2.
The only nonvanishing matrix elements of the matrix En are En
χχ
χχ = 2n(µS1 − µS2),
En
dd
00 = 2ε+ U + 2n(µS1 − µS2)− 2µS2, and En 00dd = −E−n dd00.
The current between the dot and lead r is given by
Ir(t) = −e
∑
n′
t∫
−∞
dt′eTWr(0, n′)(t, t′)pi(n′)(t′) , (7.3)
where eT = (1, 1, 1, 1, 0, 0) and n = 0 in Wr(0, n′)(t, t′) ensure that the ﬁnal state on
the right hand side is diagonal in the dot state and the Cooper pair numbers, respec-
tively. The current rates Wr(n, n′)(t, t′) are similar to the general rates W(n, n′)(t, t′)
but take into account the electrons transferred into lead r.
The frequency of the AC Josephson signal is given by the energy diﬀerence of a
Cooper pair being in superconductor S1 or S2, i.e., by 2(µS1−µS2) = 2eV . Therefore,
we perform a Fourier expansion by making use of A(t) =
∑∞
n=−∞A
ne2ineV t and An =∫ T
0 dtA(t)e
−2ineV t with T = 2π/(2eV ). Within the diagrammatic representation, see
Chapter 3, the factor exp(−2ineV t) appearing in the n-th Fourier component of the
current simply adds a term 2neV to the energy diﬀerence of the states on the upper
and lower Keldysh contour. This terms can easily be incorporated into the energy
diﬀerence arising from diﬀerent Cooper pair numbers by shifting Wr(0, n′)(t, t′) and
pi(n′)(t′) in Eq. (7.3) to Wr(n, n′ + n)(t, t′) and pi(n′ + n)(t′), respectively, i.e., only
the 0-th Fourier components of Wr and pi are needed. Performing the remaining time
integral, we get for the n-th Fourier component of the current
Inr = −e
∑
n′
eTWr(n, n′)pi(n′) , (7.4)
with W =
∫ t
−∞ dt
′W(t, t′)ei0
+t′ being the zero frequency Laplace transformed rate,
that does not depend on the ﬁnal time t. The 0-th Fourier components pi(n′) are
readily obtained from the 0-th Fourier component of Eq. (7.2),
iEnpi(n) =
∑
n′
W(n, n′)pi(n′) (7.5)
together with the normalization condition eTpi(n) = δn,0. In summary, the n-th Fourier
component of the current can be evaluated within the diagrammatic technique in
exactly the same way as the DC transport (see Ref. 139) but allowing for oﬀ-diagonal
ﬁnal Cooper pair states (n 6= 0) in Wr(n, n′) on the right hand side of Eq. (7.4). The
diagrammatic rules to calculate the kernels W and Wr are given in Appendix A.
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7.3 Results
In the following, we perform a systematic perturbation expansion of pi(n), W (n, n′),
W
r(n, n′) and Inr in the tunnel-coupling strengths, Γ ≡ max{ΓS1,ΓS2,ΓN}. Since we
assume the tunnel couplings to be weak, we restrict ourselves to lowest (ﬁrst) order
for the kernels W (n, n′) and W r(n, n′). In addition, we concentrate on the limit
of an inﬁnite superconducting gap in the leads, ∆ → ∞, i.e., quasi-particle tunneling
between dot and the superconductors is suppressed. As a consequence, the current into
the superconductors is exclusively sustained by Cooper pairs. The normal lead aﬀects
the occupation of the quantum dot, which, in turn, aﬀects Cooper pair transport.
Even a weakly tunnel coupled normal conductor inﬂuences the AC Josephson transport
between the two superconductors. All rates required for our calculations are presented
in Appendix D. Inserting the current rates in Eq. (7.4) results in
InS1 =ieΓS1
[
P d0 (n− 1)− P 0d (n+ 1)
]
(7.6a)
InS2 =ieΓS2
[
P d0 (n)− P 0d (n)
]
, (7.6b)
i.e., the current into the superconductors is fully determined by the density matrix
elements P d0 (n) and P
0
d (n) =
[
P d0 (−n)
]∗
.
The Cooper pair degree of freedom n in pi(n) introduces an apparently inﬁnitely large
number of density matrix elements that are all coupled to each other via Eq. (7.5).
However, in the limit of a large bias voltage compared to the tunnel-coupling strength,
eV ≫ Γ, only very few of them need to be taken into account. This is a consequence
of En appearing on the left hand side of Eq. (7.5). Most of its matrix elements are
of order eV , while W(n, n′) on the right hand side scales with Γ. This mismatch
deﬁnes a hierarchy in powers of Γ/(eV ) for the density matrix elements. The lowest
order contains all matrix elements of pi(n) for which the corresponding En is zero or
of the order of Γ. This includes all diagonal matrix elements Pχχ (0) (and excludes all
elements Pχχ (n) with n 6= 0). The next order contains all matrix elements of pi(n), that
can be connected to lowest order ones by the kernel W(n, n′). The only oﬀ-diagonal
matrix elements that can be reached from the diagonal ones for ∆ → ∞ and to ﬁrst
order in Γ are P d0 (−1), P 0d (1), P d0 (0), P 0d (0). If the gate voltage is tuned such that
the quantum dot is in resonance with superconductor r, namely |2ε + U − 2µr| . Γ,
then P d0 (−1) and P 0d (1) (for r = S1) or P d0 (0) and P 0d (0) (for r = S2) already belong
to the lowest order in the hierarchy. But in any case, all oﬀ-diagonal matrix elements
except P d0 (−1), P 0d (1), P d0 (0), P 0d (0) can be dropped for describing the current into
the superconductors. As a result, the set of kinetic equations that we need to solve
includes those with diagonal ﬁnal states,
0 =
∑
χ′
W χχ
′
χχ′ (0, 0)Pχ′ (0) +W
χd
χ0 (0,−1)P d0 (−1) +W χ0χd (0, 1)P 0d (1) ,
+W χdχ0 (0, 0)P
d
0 (0) +W
χ0
χd (0, 0)P
0
d (0) . (7.7)
The rates with diagonal initial and ﬁnite state are related to single-electron tunneling
between dot and normal conductor, W χχ
′
χχ′ (0, 0) ∝ ΓN , and can simply be calculated
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by means of Fermi’s golden rule. In contrast, the rates connecting superpositions
between a doubly-occupied and an empty dot to a diagonal state require tunneling of
one Cooper pair.
In addition, there are the kinetic equations with oﬀ-diagonal ﬁnal states:
i(2ε + U − 2µS1)P d0 (−1)
=W dd00 (−1,−1)P d0 (−1) +W d000 (−1, 0)P0(0) +W dd0d (−1, 0)Pd(0) , (7.8a)
i(2ε + U − 2µS2)P d0 (0)
=W dd00 (0, 0)P
d
0 (0) +W
d0
00 (0, 0)P0(0) +W
dd
0d (0, 0)Pd(0) , (7.8b)
and complex conjugated.
The oﬀ-diagonal density matrix elements are, thus, related to the diagonal ones via
P d0 (−1) =
ΓS1
2
P0(0)− Pd(0)
2ε+ U − 2µS1 + iW dd00 (−1,−1)
, (7.9a)
P d0 (0) =
ΓS2
2
P0(0)− Pd(0)
2ε+ U − 2µS2 + iW dd00 (0, 0)
, (7.9b)
and complex conjugated. After having determined P0(0)− Pd(0), the ﬁnal result is,
P d0 (−1) =
ΓS1
2
1− f(ε)− f(ε+ U)
1 + f(ε)− f(ε+ U)
2ε+ U − 2µS1 + σ
AS1
− i
2
ΓNΓS1
1− f(ε)− f(ε+ U)
AS1
, (7.10a)
P d0 (0) =
ΓS2
2
1− f(ε)− f(ε+ U)
1 + f(ε)− f(ε+ U)
2ε+ U − 2µS2 + σ
AS2
− i
2
ΓNΓS2
1− f(ε)− f(ε+ U)
AS2
(7.10b)
with f(x) ≡ 1/(1 + exp[x − µN ]) being the Fermi function of the normal conductor.
Here, we used that the bias voltage is large |eV | ≫ Γ. Please note that for the order
in the hierarchy of the diﬀerent terms of the density matrix it is crucial whether a
superconductor is in resonance with the dot, |2ε+U−2µr| . Γ, or not, |2ε+U−2µr| ≫
Γ. Furthermore, we have introduced the quantity
Ar ≡ Γ2r + (2ε+ U − 2µr + σ)2 + Γ2N (1 + f(ε)− f(ε+ U))2 . (7.11)
The symbol σ in Eqs. (7.10) denotes the renormalization of the dot’s energy level due
to the tunnel coupling to the normal lead and it reads
σ ≡ ΓN
π
Re
[
Ψ
(
1
2
+ i
ε+ U − µN
2πkBT
)
−Ψ
(
1
2
+ i
ε− µN
2πkBT
)]
, (7.12)
where Ψ is the digamma function.
We can now compute the current ﬂowing in the diﬀerent superconducting leads by
inserting the oﬀ-diagonal density matrix elements Eqs. (7.10) into the expressions for
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the currents Eqs. (7.6). Without loss of generality, we show results for the current
ﬂowing in lead S1. We start with the DC component:
IDCS1 = eΓNΓ
2
S1
1− f(ε)− f(ε+ U)
AS1
. (7.13)
If the lead S1 is out of resonance with the quantum dot, i.e. if |2ε + U − 2µS1| ≫ Γ,
then AS1 ≈ (2ε+U − 2µS1)2 and the current IDCS1 is zero in the order of perturbation
theory considered here. However, when the lead S1 is in resonance with the dot, i.e.
if |2ε+U − 2µS1| . Γ, then AS1 is of order Γ2 and the DC transport is ﬁnite and ﬁrst
order in Γ. In this latter case, the DC transport in lead S1 is due to direct transport
between S1 and the normal lead through the quantum dot and it can be explicitly
shown that IDCS1 = −IDCN .
Far more interesting is the AC signal in lead S1. We notice that in this order
of perturbation expansion, the current will only contain the ﬁrst harmonic of the
Josephson frequency ωJ = |2eV |. The higher harmonics arise in higher orders and are
suppressed in the weak coupling limit. In fact, the higher Fourier components of the
current are due to the presence of multiple Andreev reﬂection, which can be present
in the system under investigation even in the limit of an inﬁnite superconducting gap,
since quasiparticles are provided by the normal lead. The AC transport in lead S1
reads
IACS1 (t) = eΓNΓS1ΓS2
1−f(ε)−f(ε+U)
AS2
cos[2eV t]
−eΓS1ΓS2 1−f(ε)−f(ε+U)1+f(ε)−f(ε+U) 2ε+U−2µS2+σAS2 sin[2eV t]. (7.14)
The expression for IACS1 (t) describes very diﬀerent physical scenarios depending whether
or not the other superconductor, in this case S2, is in resonance or not with the dot.
First, we discuss the resonant case, |2ε+U − 2µS2| ≪ Γ, then AS2 ∝ Γ2 and both the
sine and cosine terms in Eq. (7.14) are ﬁrst-order in Γ. From Eq. (7.14), it is clear
that the amplitude of the AC signal in leads S1 depends on the chemical potential
µS2 of the other superconductor and not only on the voltage diﬀerence V . This can
be understood in the following way: stochastic Cooper pair ﬂuctuations lead to a
proximization of the dot by the two superconductors. Since the AC Josephson eﬀect
requires the presence of two diﬀerent superconductors exclusively the proximization by
S2 is responsible for the AC signal between dot and S1. This proximization depends
on µS2 and hence the amplitude of the current IS1 does. The chemical potential µS1
only inﬂuences the frequency. Another interesting feature of the expression for the AC
signal, Eq. (7.14), is the behavior for V → 0. The amplitude of the sine ﬁrst harmonic
exactly reproduces the DC Josephson transport which is discussed in Ref. 138. This
crossover has been discussed before in quantum point contacts203, 205 as well as in the
three-terminal setup under consideration in this paper in the noninteracting limit.205
We also notice that the cosine term in IACS1 (t) vanishes for ΓN → 0 while the sine
term remains ﬁnite. We focus on the limit of weak coupling ΓN , as a strong coupling
to the normal conductor leads to dephasing and suppresses the Josephson current.205
In this limit the sine term is the dominant one and we neglect the cosine one in the
following.
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Now we consider Eq. (7.14) in the case when the superconductor is not resonant
with the dot, |2ε+ U − 2µS2| ≫ Γ, then AS2 ≈ (2ε+ U − 2µS2)2 and the cosine term
vanishes in this oder of the perturbation expansion. In this limit the AC signal in S1
is second order in Γ and reads:
IACS1 (t) = −e
ΓS1ΓS2 sin[2eV t]
2ε+ U − 2µS2
1− f(ε)− f(ε+ U)
1 + f(ε)− f(ε+ U) . (7.15)
We are now in the position to make some general comments on the lowest-order pro-
cesses contributing to the AC Josephson transport through a quantum dot: either we
need second order processes in Γ as in Eq. (7.15), or ﬁrst order processes in combina-
tion with the dot being in resonance with other superconductor.
Finally the current in S2 can be obtained from IS1 simply by exchanging the labels
S1 and S2 and sending 2eV into −2eV .
In Fig. 7.2, we plot the amplitudes of the currents IACS1 and I
AC
S2 as a function of the
dot level position ε for the case of symmetric bias between the superconductors, µS1 =
−µS2, and unbiased normal lead, µN = 0. The current is exponentially suppressed
a) b)
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Figure 7.2: Amplitude of the current between quantum dot and a) superconductor
S1 and b) superconductor S2 as a function of the dot level position ε for
diﬀerent values of the Coulomb repulsion U . The other parameters are
µN = 0, ΓS1 = 0.5kBT , ΓS2 = 0.5kBT , µS1 = 10kBT , and µS2 = −10kBT .
in the range −U ≫ ε ≫ 0. The reason is that in this range the dot is mainly singly
occupied and, therefore, Cooper pair transport is blocked. Peaks appear at ε ≈ −U
and ε ≈ 0, where the dot is mainly occupied with an even number of electrons enabling
Cooper pair tunneling. However, for too small or too large values of ε Cooper pair
tunneling is algebraically suppressed, because changing the dot occupation becomes
energetically more unfavorable. These considerations also apply to the DC Josephson
transport through quantum dots and the same dependence of the current on the dot
level ε has been observed experimentally100, 103 as well as theoretically.139
By now we always considered the current between the dot and each of the two
superconductors. However, in an experiment the practical quantity to be measured is
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the current between the two superconductors, which is given by I ≡ IS1−IS2. It reads
I(t) = eΓS1ΓS2
1− f(ε)− f(ε+ U)
1 + f(ε)− f(ε+ U) sin[2eV t]
× (2ε + U − 2µS1 + σ)AS2 + (2ε+ U − 2µS2 + σ)AS1
AS1AS2
. (7.16)
The amplitude is the sum of the amplitudes of IS1 and IS2, see Fig. 7.3. Moreover,
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Figure 7.3: Amplitude of the current I between the two superconductors as a function
of the dot level position ε for diﬀerent values of the Coulomb repulsion
U . The other parameters are µN = 0, ΓS1 = 0.5kBT , ΓS2 = 0.5kBT ,
µS1 = 10kBT , and µS2 = −10kBT .
for the chemical potential of the normal conductor being zero, µN = 0, the current is
an even function of ε+ U/2. This a a consequence of the particle-hole symmetry.
Now, we break the particle-hole symmetry by a ﬁnite chemical potential of the
normal conductor, see Fig. 7.4. As a consequence, the positions of the peaks are shifted
to ε ≈ µN and ε ≈ −U + µN . But also the maximal value is changed. This behavior
gives rise to a very interesting property. In conventional Josephson junctions only the
frequency can be controlled by an applied bias voltage and the amplitude is governed
by the critical current. In quantum-dot Josephson junctions coupled to an additional
normal conductor the frequency is still governed by the voltage applied between the
two superconductors, but also the amplitude can be controlled by the gate voltage and
the bias voltage applied between the normal conductor and the superconductors. This
means the AC signal between the two superconductors can completely be tuned by
external DC voltages.
7.4 Conclusions
We have presented a real-time perturbation theory on the AC Josephson transport
through quantum dots. By means of this formalism we have calculated the current
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Figure 7.4: Amplitude of the current I between the two superconductors as a function
of the dot level position ε for diﬀerent values of the chemical potential µN
of the normal conductor. The other parameters are U = 50kBT , ΓS1 =
0.5kBT , ΓS2 = 0.5kBT , µS1 = 10kBT , and µS2 = −10kBT .
through a quantum dot tunnel coupled to two superconductors and additionally cou-
pled to a normal conductor. It has turned out, that the sine ﬁrst harmonic clearly
dominates the cosine ﬁrst harmonic. Its amplitude has the same dependence on the
dot level as the DC Josephson transport. Moreover, the current between the dot and
superconductor S1 is strongly aﬀected by the chemical potential of superconductor
S2. The reason is that in lowest order of the perturbation expansion a ﬁnite AC signal
between the dot and one of the superconductors requires the proximization of the dot
by the other superconductor. Finally, we have found that the amplitude of the AC
Josephson current between the two superconductors strongly depends on the gate volt-
age and the chemical potential of the normal conductor. Therefore, in the considered
setup an AC signal can be generated, whose frequency as well as amplitude can be
controlled by external DC voltages.
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In this thesis most W
χ1χ′1
χ2χ′2
have been calculated by means of a diagrammatic pertur-
bation expansion in tunnel coupling. Here, we give the corresponding rules. First, we
present the rules for the simple case of a single-level quantum dot tunnel coupled to
normal conductors (NDN).157 The formulations are oriented on Ref. 139. Examples
of diagrams are the yellow blocks in Fig. 3.1. The rules for evaluating the generalized
rates W
χ1χ′1
χ2χ′2
are as follows:
(1) Draw all topologically diﬀerent diagrams with ﬁxed ordering of the vertices in
the real axis. The vertices are connected in pairs by tunneling lines carrying energy
ωi.
(2) For each vertical cut between two vertices assign a factor 1/(∆E + i0+) , where
∆E is the diﬀerence between the left-going and the right-going energies, including the
energies of the dot states Eχ and the tunneling lines ωi
(3) For each tunneling line assign a factor 12piΓrf
±
r (ωi), where f
+
r (ωi) = fr(ωi) =
[1 + exp(ωi − µr)/(kBT )]−1 and f−r (ωi) = 1 − fr(ωi). The upper (lower) sign applies
for lines going backward (forward) with respect to the Keldysh contour.
(4) Assign an overall prefactor −i.
Furthermore, assign a factor −1 for each
a) vertex on the lower propagator;
b) crossing of tunneling lines;
c) vertex that connects the doubly-occupied dot state, |D〉 = d†↑d†↓|0〉, to spin up, | ↑〉
(5) For each diagram, integrate over all energies ωi. Sum over all diagrams.
The generalized current rates W
χ1χ′1,r
χ2χ′2
are evaluated in the following way:
(6) Multiply the value of the corresponding generalized rate W
χχ′1
χχ′2
with a factor
given by adding up the following number for each tunneling line that is associated
with lead r:
1 if the line is going from the lower to the upper, −1 if it is going from the upper to
the lower propagator, and 0 otherwise.
Double-Dot Aharonov-Bohm Interferometer
Now, we present the modiﬁcations of the rules for each setup under consideration.
We start with adiabatic pumping through a double-dot Aharonov-Bohm interferome-
ter with an inﬁnite intra-dot Coulomb repulsion, see Chapter 4. Since the adiabatic
corrections80 of the rates W
χ1χ′1(a)
χ2χ′2
do not contribute to our results we do not present
the corresponding rates. The diﬀerence to the NDN case is that oﬀ-diagonal elements
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arise due to tunneling between the two dots through the leads.29 This is reﬂected in
the following additional rules:
(A1) Also take into account tunneling lines where electrons tunnel from one dot to
the other. Assign a factor e−iϕ/2 for each tunneling line associated to the left (right)
lead, where an electron tunnels from QD 1 to QD 2 (from QD 2 to QD 1). Assign a
factor eiϕ/2 for each tunneling line associated to the right (left) lead, where an electron
tunnels from QD 1 to QD 2 (from QD 2 to QD 1).
(A2) Assign an overall prefactor −1 for each vertex that connects the state where
both dots are occupied, |1σ2σ′〉, to only QD 1 being occupied, |1σ〉.
Single-Dot Aharonov-Bohm Interferometer
Due to the reference arm tunneling events that do not change the dot occupation are
possible. This is reﬂected by the presence of double vertices29 , see Fig. A.1. They
give rise to the following rules:
(B1) Additionally include double vertices, where two lines associated to diﬀerent
leads come together. One line comes into the double vertex and the other one goes
out of the vertex. The Fermi functions are included as in rule (3) but the prefactor is
e±iϕ|trefσ |
√
ΓLΓR/(4π
2) for each double vertex. The upper (lower) sign applies whenever
the incoming line stems from the left (right) lead. [Please note that in Chapter 5 the
left lead is the ferromagnet, F =̂L.]
(B2) The line coming into the double vertex always comes ﬁrst with respect to the
Keldysh contour. Associated to rule (4b) this may give rise to a minus sign.
d
↑
↓
↓d
Figure A.1: Example of a double-vertex.
Double-Dot Beam Splitter
In this subsection we discuss the rates of the setups presented in Chapter 6. For
the NDSDN as well as the FDS setup no oﬀdiagonal elements of the reduced density
matrix contribute. Therefore, in these systems all rates can be calculated by means of
Fermi’s Golden Rule. Exclusively in the NDNDN setup the rates are calculated in a
diagrammatic way. Similar to the double-dot ABI oﬀ-diagonal elements arise due to
tunneling between the two dots through the central lead. The corresponding rules are:
(A1) Also take into account tunneling lines where electrons tunnel from one dot to
the other. For such lines the prefactor Γr of rule (3) is replaced by
√
ΓNc,LΓNc,R.
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(A2) Assign an overall prefactor −1 for each vertex that connects a singlet or triplet
state, |S〉,|T−1〉,|T0〉, or|T1〉, to only the left QD being occupied, |σ, 0〉.
AC Josephson Transport through Quantum Dots
For setups containing two superconductors the number of Cooper pairs are taken into
account explicitly, see Chapter 7. Furthermore, Cooper pair tunneling has the con-
sequence that so called anomalous tunneling lines arise. These lines are divided into
outgoing lines, where at each end of the line a dot electron is annihilated, and the
incoming lines, where at each end of the line an electron is created, see Fig. A.2.
In contrast to the three systems presented above, these properties aﬀect nearly all six
points of the original rules presented above. Instead of discussing all changes we, there-
fore, give again the complete rules for the generalized rates W
χχ′1
χχ′2
({n1, n2}, {n′1, n′2})
but now including also the superconducting properties:139
(D1) Draw all topologically diﬀerent diagrams with ﬁxed ordering of the vertices in
the real axis. The vertices are connected in pairs by tunneling lines carrying energy
ωi. The tunneling lines can be normal or anomalous. For each anomalous line choose
the direction (forward or backward with respect to the Keldysh contour) arbitrarily.
(D2) For each vertical cut between two vertices assign a factor 1/(∆E+ i0+), where
∆E is the diﬀerence between the left-going and the right-going energies, including
the energy of the dot states Eχ, the tunneling lines ωi, and the energy diﬀerence in
Cooper-pair condensates En. The latter is increased (decreased) at each vertex of an
outgoing (incoming) anomalous line at which the arrow is opposite to the arbitrarily
chosen line direction.
(D3) For each tunneling line assign a factor 12piΓrDr(ωi)f
±
r (ωi), where f
+
r (ωi) =
fr(ωi) = [1 + exp(ωi − µr)/(kBT )]−1 and f−r (ωi) = 1− fr(ωi), and
Dr(ωi) =
|ωi−µr |√
(ωi−µr)2−|∆r|2
θ(|ω − µr| − |∆r|). The upper (lower) sign applies for lines
going backward (forward) with respect to the Keldysh contour. For anomalous lines
multiply an additional factor ±sign(ωi−µr) |∆r||ωi−µr | . Moreover, assign a factor e−iΦr for
an outgoing and eiΦr for an incoming anomalous line. [For normal leads, only normal
lines with Dr(ωi) ≡ 1 appear.]
(D4) Assign an overall prefactor −i.
Furthermore, assign a factor −1 for each
a) vertex on the lower propagator;
b) crossing of tunneling lines;
c) vertex that connects the doubly-occupied dot state, |D〉 = d†↑d†↓|0〉, to spin up, | ↑〉;
d) outgoing (incoming) anomalous tunneling line in which the earlier (later) tunnel
vertex with respect to the Keldysh contour involves a spin-up dot electron.
(D5) For each diagram, integrate over all energies ωi. Sum over all diagrams.
The generalized current rates W χχ1rχχ′2 ({n1, n2}, {n′1, n′2}) are evaluated in the follow-
ing way:
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(D6) Multiply the value of the corresponding generalized rateW
χχ′1
χχ′2
({n1, n2}, {n′1, n′2})
with a factor given by adding up the following numbers for each tunneling line that is
associated with lead r:
a) for normal lines: 1 if the line is going from the lower to the upper, −1 if it is going
from the upper to the lower propagator, and 0 otherwise;
b) for anomalous lines: 1 for incoming lines within the upper propagator and outgoing
lines within the lower propagator, −1 for outgoing lines within the upper propagator
and incoming lines within the lower propagator, and 0 otherwise.
(0, n+ 1) (d, n)
(d, n)(d, n) (d, n) (d, n)
a) b)
(σ, n) (σ, n)
(d, n− 1) (0, n)
Figure A.2: a) Example of an incoming line of the diagram representing the rate
W d0dd (0, 1). b) Example of an outgoing line of the diagram representing
the rate W 0ddd (0,−1).
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B Sequential Tunneling vs.
Cotunneling
In Chapter 5 we introduced two diﬀerent schemes for the calculation of the lowest
order density matrix elements P
(0,0)
χ , whose validity depends on the average dot level
position. As long as the dot level energy is suﬃciently small, |ε| . max{kBT, |eV/2|},
scheme 1 applies. Then, the density matrix can be obtained by means of the following
master equation 
W
(1,0)
00 W
(1,0)
0↑ W
(1,0)
0↓ 0
W
(1,0)
↑0 W
(1,0)
↑↑ W
(1,0)
↑↓ W
(1,0)
↑d
W
(1,0)
↓0 W
(2,0)
↓↑ W
(1,0)
↓↓ W
(1,0)
↓d
0 W
(1,0)
d↑ W
(1,0)
d↓ W
(1,0)
dd


p
(0,0)
0
p
(0,0)
↑
p
(0,0)
↓
p
(0,0)
d
 = 0 . (B.1)
Here, all rates have been calculated using the diagrammatic rules presented in Ap-
pendix A. However, in the limit of a large dot level energy, |ε| ≫ max{kBT, |eV/2|}
some of the rates are exponentially suppressed. In this case Eq. (B.1) reads
W
(1,0)
00 0 0 0
W
(1,0)
↑0 0 0 W
(1,0)
↑d
W
(1,0)
↓0 0 0 W
(1,0)
↓d
0 0 0 W
(1,0)
dd


p
(0,0)
0
p
(0,0)
↑
p
(0,0)
↓
p
(0,0)
d
 = 0 , (B.2)
where all exponentially suppressed rates have been set to zero. Obviously, in this
regime the elements p
(0,0)
↑ and p
(0,0)
↓ cannot be calculated using exclusively lowest order
rates. Here, scheme 2 applies. Analogously to Ref. 180 ﬁrst and second order rates
enter the master equation,
W
(1,0)
00 W
(2,0)
0↑ W
(2,0)
0↓ 0
W
(1,0)
↑0 W
(2,0)
↑↑ W
(2,0)
↑↓ W
(1,0)
↑d
W
(1,0)
↓0 W
(2,0)
↓↑ W
(2,0)
↓↓ W
(1,0)
↓d
0 W
(2,0)
d↑ W
(2,0)
d↓ W
(1,0)
dd


p
(1,0)
0
p
(0,0)
↑
p
(0,0)
↓
p
(1,0)
d
 = 0 . (B.3)
The corresponding cotunneling rates are presented in Chapter 5. In scheme 2 the
lowest order density matrix elements P
(0,0)
χ can be obtained by means of Eq. (B.1)
and Eq. (B.3).
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C Calculation of a Cotunneling Rate
In this appendix we give an example of how to calculate the cotunneling rates used in
Chapter 5. For this, we choose the rate γ
σ¯σ(2,0)
rr′ , where an electron is transferred from
lead r′ to lead r accompanied by a change of the dot state from σ to σ¯. We start with
γ
σ¯σ(2,0)
rr′ =
1
2π
∞∫
−∞
dωf(ω − µr′) (1− f(ω − µr))
× Re
[ √
Γσ¯r′Γ
σ
r
ε− ω + i0+ +
√
Γσ¯r′Γ
σ
r
ε+ U − ω + i0+
]2
. (C.1)
The regularization +i0+ in the resolvents is added here by hand. However, it appears
naturally when employing the real-time diagrams. In the present case, there are two
possible intermediate states, the dot being empty or doubly occupied. Both corre-
sponding cotunneling processes have the same initial and the same ﬁnal state also
concerning the lead electrons. Therefore, the energy diﬀerences to the ﬁnal state, that
appear in the denominator of the resolvents, have to be added before performing the
square. The Fermi functions guarantee that the lead state of the electron that enters
the dot is occupied and that the lead state into which the dot electron leaves is unoc-
cupied. The integral sums over all possible energies of the incoming electron. For an
inﬁnite Coulomb repulsion U =∞ and |ε| ≫ max{kBT, µr} the rate simpliﬁes to
γ
σ¯σ(2,0)
rr′ =
1
2πε2
Γσ¯r′Γ
σ
r
∞∫
−∞
dωf(ω − µr′) (1− f(ω − µr))
=
1
2πε2
Γσ¯r′Γ
σ
r
µr − µr′
eβ(µr−µr′ ) − 1 . (C.2)
The calculation of the current rate is similar. The only diﬀerence is that one has to
multiply the rates with the charge that is being transferred through the dot during the
cotunneling process.
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D Rates for the AC Josephson
Transport
In this appendix we present all rates required in Chapter 7.
Rates Involving the Superconductors
W 0d00 (n, n− 1) =W d0dd (n, n+ 1) = iΓS1/2
W ddd0 (n, n− 1) =W 000d (n, n+ 1) = −iΓS1/2
W d000 (n, n+ 1) =W
0d
dd (n, n− 1) = iΓS1/2
W dd0d (n, n+ 1) =W
00
d0 (n, n− 1) = −iΓS1/2
W 0d00 (n, n) =W
d0
dd (n, n) = iΓS2/2
W ddd0 (n, n) =W
00
0d (n, n) = −iΓS2/2
W d000 (n, n) =W
0d
dd (n, n) = iΓS2/2
W dd0d (n, n) =W
00
d0 (n, n) = −iΓS2/2 .
W 0d,S100 (n, n− 1) =W dd,S1d0 (n, n− 1) = −iΓS1/2
W 00,S10d (n, n + 1) =W
d0,S1
dd (n, n+ 1) = iΓS1/2
W 0d,S200 (n, n) =W
dd,S2
d0 (n, n) = −iΓS2/2
W 00,S20d (n, n) =W
d0,S2
dd (n, n) = iΓS2/2 .
Rates Involving the Normal Conductor
W dd00 (n, n) = −ΓN − ΓNf(−ε− U − 2neV + 2µS2) + ΓNf(−ε− 2neV + 2µS2) (D.1)
+
iΓN
π
Re
[
Ψ
(
1
2
+ i
−ε− U − 2neV + 2µS2 − µN
2πkBT
)]
− iΓN
π
Re
[
Ψ
(
1
2
+ i
−ε− 2neV + 2µS2 − µN
2πkBT
)]
[W 00dd (n, n)]
∗ =W dd00 (n, n)
(D.2)
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D Rates for the AC Josephson Transport
Wσ0(0, 0) = ΓNf(ε)
W0σ(0, 0) = ΓN (1− f(ε))
Wdσ(0, 0) = ΓNf(ε+ U)
Wσd(0, 0) = ΓN (1− f(ε+ U))
W00(0, 0) = −2ΓNf(ε)
Wσσ(0, 0) = −ΓN(1− f(ε) + f(ε+ U))
Wdd(0, 0) = −2ΓN (1− f(ε+ U))
with Wχχ′(0, 0) ≡W χχ
′
χχ′ (0, 0).
WNσ0(0, 0) = ΓNf(ε)
WN0σ(0, 0) = −ΓN(1− f(ε))
WNdσ(0, 0) = ΓNf(ε+ U)
WNσd(0, 0) = −ΓN(1− f(ε+ U))
with WNχχ′(0, 0) ≡W χχ
′,N
χχ′ (0, 0).
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